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a  b  s  t  r  a  c  t

A  new  data-driven  experimental  design  methodology,  design  of  dynamic  experiments  (DoDE),  is  pro-
posed as  a means  of  developing  a  response  surface  model  that  can  be  used  to  effectively  optimize  batch
crystallization  processes.  This data-driven  approach  is  especially  useful  for complex  processes  for  which  it
is  difficult  or  impossible  to  develop  a knowledge-driven  model  in  a timely  fashion  for  the  optimization  of
an industrial  process.  Design  of  dynamic  experiments  [1]  generalizes  the  formulation  of  time-invariant
design  variables  from  design  of  experiments,  allowing  for consideration  of  time-variant  design  vari-
ables  in  the  experimental  design.  When  combined  with  response  surface  modeling  and  an  appropriate
optimization  algorithm,  a data-driven  optimization  methodology  is  produced,  which  we  call  DoDE  opti-
mization.  The  method  is used  here  to  determine  the optimal  cooling  rate  profile,  which  integrates  to
give  the  optimum  temperature  profile,  for a batch  crystallization  process.  To  examine  the  effectiveness
of  the  DoDE  optimization  method,  the  data-driven  optimum  temperature  profile  is compared  to the
optimum  temperature  profile  obtained  using  a model-based  optimization  technique  for  the  potassium
nitrate–water  batch  crystallization  model  developed  by Miller  and  Rawlings  [2]. The  temperature  profiles
calculated  using  DoDE  optimization  yield  response  values  within  a  few  percent  of  the  true  model-based
optimum  values.  A  sensitivity  analysis  is  performed  on  one  case  study  to  evaluate  the distribution  of  the
response  variable  from  each  method  in the presence  of  parameter  and  initial  seed  distribution  variability.

It  is  demonstrated  that  there  is partial  overlap  in  the  distributions  when  only variability  in  the model
parameters  is evaluated  and  there  is  substantial  overlap  when  variability  is included  in both  the model
and  initial  seed  distribution  parameters.  From  this  evidence,  it can  be concluded  that  the  DoDE  opti-
mization  method  has the  potential  to be a useful  data-driven  optimization  tool  for  batch  crystallization
processes  where  a first-principles  model  is  not  available  or cannot  be developed  due  to  time  and/or  cost
constraints.
. Introduction

Batch crystallization is an important unit operation commonly
ound in pharmaceutical and specialty/fine chemical industries
here high-value products are produced in small batches. Pro-

ess optimization is imperative for these high-value products in
rder to produce crystals with desirable properties, maximize
ield, and minimize lot-to-lot variability. Current optimization
ethodologies typically require the use of a first-principles
odel. Model-based techniques work well, but models describ-

ng complex pharmaceutical crystallizations for systems exhibiting

olymorphs, localized concentration and temperature gradients,
r crystals with multiple internal coordinates do not generally
xist. Data-driven techniques based on the design of experiment
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(DoE) methodology are useful for generating response surface mod-
els which can be used for process optimization, especially when
the response variable cannot be modeled by a first-principles
model. The major drawback of the DoE approach is its inability
to systematically evaluate time-variant input profiles, such as tem-
perature, antisolvent addition rate, or supersaturation, all of which
are important in batch crystallization processes.

Simple, one-dimensional crystallization models that neglect
crystal agglomeration and breakage are common in the literature
[2,3] and provide insight into the mechanisms of the crystalliza-
tion processes in terms of overall growth and nucleation kinetics.
These models are often used in process optimization routines
to determine an optimum trajectory (temperature, antisolvent,
supersaturation) that will result in a desired crystal size distribu-

tion (CSD) [4,5] or an optimal objective function stated in terms of
the moments of the CSD [2,6]. First-principle models for more com-
plex crystallization systems (polymorphic crystallization systems,
antisolvent systems with localized temperature and concentration
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http://www.sciencedirect.com/science/journal/09591524
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radients, models predicting crystal agglomeration, breakage, fil-
erability, purity, and/or stability), however, are more difficult to
evelop and are rarely found in the literature.

In many cases, the time and effort required to develop a com-
rehensive knowledge-driven crystallization model carries a high
ost and the value added to the process through the development
f such a model will not offset the cost. Furthermore, impor-
ant optimization objectives such as purity, product stability, or
ownstream filterability are difficult to model from a first princi-
les point of view. In such cases, optimizing a particular aspect
f the final crystal size distribution via a first-principles model
ay  not satisfy one of these more data-oriented optimization

bjectives.
The field has produced extensive research studies related to

he optimum temperature profile for batch crystallizers [7,8]. In
rder to determine an optimum temperature trajectory, an objec-
ive function must be specified in terms of a desired characteristic of
he CSD at the end of the batch. Examples of optimization objectives
nclude maximizing seed growth, minimizing nucleation, achieving

 desired target CSD, or maximizing or minimizing a character-
stic of the final crystal distribution in terms of the moments of
he CSD. Two techniques for treating the temperature profile in

 model-based dynamic optimization problem include discreti-
ation [9,7] and parameterization [10]. There are few limitations on
he shape of the temperature profile when it is discretized, how-
ver, when the temperature profile is parameterized the shape
s limited by the parameterized function. Therefore, it is impor-
ant to select a function that can produce a large number of
rofile shapes. In each case, determining the optimum tempera-
ure trajectory requires a first-principles crystallization model. The
ptimum temperature profile is found using a constrained, non-
inear optimization algorithm which maximizes or minimizes the
bjective function subject to the crystallization model and system
onstraints.

Optimum operating profiles have been determined for a num-
er of different crystallization models using various objective
unctions. Optimum temperature profiles for batch cooling crys-
allizations have been determined for a citric acid-water system
10], a paracetamol-ethanol system [4],  a potassium sulfate-water
ystem [5,11],  and a potassium nitrate-water system [2,6,9].  In
ach of these papers, the optimization is performed using rel-
tively simple crystallization models. Each model consists of a
ne-dimensional population balance equation (PBE) coupled with

 mass balance equation. Each model relies on similar assump-
ions: (1) size-independent growth; (2) no crystal agglomeration
r breakage; (3) a nucleation rate equal to either the sum of the
rimary and secondary nucleation rates or based solely on the sec-
ndary nucleation rate; and (4) a perfectly mixed crystallizer with
rystals homogeneously distributed and no temperature or concen-
ration gradients. While these assumptions are valid in some cases,

ost crystallization processes are more complex, especially at the
cale required in industry.

For more complex industrial crystallizations where the desired
esponse cannot be directly modeled in a first-principles sense,
oE has successfully been applied. In one DoE study, a frac-

ional factorial design was used to evaluate the effect of six
perating variables on filtration resistance for a pharmaceutical
rystallization [13]. The data collected were used to generate a
rst-order RSM without interaction terms, which was then used
o calculate the optimal operating conditions that resulted in
educed filtration times for the process. This example shows the
sefulness of DoE and RSM for process optimization when no first-

rinciples model exists for the process. As stated earlier, the main
rawback of DoE is its inability to evaluate time-varying input
rajectories that usually arise when optimizing nonlinear batch
rocesses.
cess Control 23 (2013) 179– 188

This paper is a continuation of the work presented in [14].
We evaluate a new data-driven experimental design technique
developed by Georgakis [1] called design of dynamic experiments
(DoDE). Design of dynamic experiments is built upon the well-
established design of experiments (DoE) [15] methodology and
allows for the systematic evaluation of time-varying input trajec-
tories in an experimental setting. When DoDE is combined with
response surface modeling (RSM) [16] and linear/nonlinear opti-
mization [17] a data-driven optimization technique is obtained,
which we  call DoDE optimization. The DoDE optimization methodol-
ogy bypasses the need for a first-principles model and is beneficial
for processes where a first-principles model does not exist or is
too costly to develop or where the optimization objective can-
not be modeled. In this work, we  use the DoDE optimization
approach to optimize the temperature trajectory for a batch crys-
tallization and compare these results with those obtained using
a model-based optimization technique. The current paper docu-
ments the DoDE approach using a published crystallization model
[2] and finds that the DoDE optimum is comparable to the model-
based optimum. This builds support for the DoDE optimization
methodology and its ability to achieve an optimization result for
crystallization processes without requiring a knowledge-driven
model.

2. Crystallization model

The seeded, potassium nitrate–water batch crystallization
model developed by Miller and Rawlings [2] was used to com-
pare the DoDE optimization methodology to a well-established
model-based optimization technique [18]. The model was  solved
in terms of the moments (�i, i = 0, 1, 2, . . .)  of the CSD using the
method of moments developed by Hulburt and Katz [19]. Ward
et al. [9] evaluated many crystallization objectives expressed in
terms of the moments of the CSD and grouped the objective func-
tions into two  classes. The first class yielded optimal temperature
profiles that resulted in early crystal growth (elevated supersatu-
ration levels at the beginning of the batch), and the second yielded
optimal temperature profiles that resulted in crystal growth later
in the crystallization (elevated supersaturation levels towards the
end of the batch). Based on these findings, two  crystallization objec-
tives were chosen to compare the DoDE and model-based optimum
temperature profiles.

The first objective, denoted by m0, aims at minimizing the ratio
of the number of crystals at the end of the batch to the initial
number of crystals. Consequently, it aims at minimizing secondary
nucleation. It results in an early growth profile and is expressed in
terms of the 0th moment of the CSD.

m0 = �0,T (t = tb)
�0,T (t = 0)

(1)

The second objective, denoted by m3, aims at maximizing the
volume (mass) of the crystals grown from seed to the volume (mass)
of the crystals formed through secondary nucleation. It results in a
late growth profile and is expressed in terms of the third moment
of the CSD.

m3 = �3,S(t = tb)
�3,N(t = tb)

(2)

In (1) and (2), T, S, and N represent the total moments of the

CSD, the moments tracking the growth of the seed crystal distribu-
tion, and the moments representing the distribution of nucleated
crystals, respectively. Here, t is the time and tb is the batch
time.
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The total moments, seed moments, and nucleated crystal
oments are related by, �i,T = �i,S + �i,N, and the moments are

efined in terms of their respective CSD’s as

i,j(t) =
∫ ∞

0

xinj(x, t)dx i = 0, 1, 2, . . . , j = T, S, N (3)

nd have units of mi/kg solvent. In (3),  x (m)  represents the one-
imensional length coordinate of the CSD and nj(x, t) (#/(kg m))  is
he crystal size distribution at time, t.

The crystallization model is expressed in terms of the differen-
ial moment equations which track the progression of the moments
f the CSD over the course of the crystallization. The total moments
f the CSD are calculated from (4) and (5),  and the seed moments are
alculated from (6) and (7) by ignoring the influence of nucleation
n the system.

d�0,T

dt
= B (4)

d�i,T

dt
= iG�i−1,T i = 1, 2, 3, . . . (5)

d�0,S

dt
= 0 (6)

d�i,S

dt
= iG�i−1,S i = 1, 2, 3, . . . (7)

In (4)–(7),  B (#/(kg s)) and G (m/s) represent the secondary
ucleation rate and crystal growth rate, respectively, and are
xpressed as empirical power law functions:

 = kbSb�3,T (8)

 = kgSg (9)

here kb (#/(m3 s)) and b are nucleation parameters and kg

m/s) and g are growth parameters that were estimated by
iller and Rawlings [2] for the potassium nitrate–water sys-

em. The estimated values along with their 95% confidence
ntervals are as follows: ln(kb)= 26.863 ± 0.360, b = 1.78 ± 0.09,
n(kg)= −9.061 ± 0.112, and g = 1.32 ± 0.03.

The supersaturation (�C) driving force for crystal growth and
ucleation is expressed in terms of the relative supersaturation

 = �C

Csat(T)
= C − Csat(T)

Csat(T)
(10)

here Csat(T) (kg solute/kg solvent) is the saturation con-
entration of potassium nitrate in water and is given by,
sat(T) = 0.1286 + 0.0058T  + 0.0001721T2. T (◦C) is the temperature
nd C (kg solute/kg solvent) is the concentration of potassium
itrate dissolved in water.

The system of equations is completed with a mass balance equa-
ion that describes the transfer of mass of the solute from the liquid
hase to the solid phase

dC

dt
= −3�cG�2,T . (11)

The initial moments of the seed distribution were derived
rom the initial seed distribution, nS(x, 0) = ˛f(x). Here, f(x) (#/m)
s an inverted polynomial distribution used by Chung et al. [6]
nd defined by, f (x) = −[(x − L(1 − W)][x  − L(1 + W)], x ∈ [(L(1 −

), L(1 + W)]. L (m)  is the average length of the seed crystals and
 ∈ [0, 1] represents the dimensionless width of the seed distri-

ution.  ̨ (1/kg) is a scalar factor defined by,  ̨ = mseed/(�c�3,f(x)),
here mseed (kg/kg) accounts for the mass of seed crystals per mass
f solvent, �c (kg/m3) is the density of the crystals, and �3,f(x) (m3)
s the third moment of the inverted polynomial distribution. The
arameter  ̨ accounts for the mass of seed crystals charged into
he crystallizer at t = 0 and scales f(x) accordingly.
cess Control 23 (2013) 179– 188 181

We calculate the initial moments of this distribution using the
initial seed distribution defined above and (3) (see (12)–(15)). Note
that at t = 0, �i,T = �i,S.

�0,S(0) = mseed

�c

5

L
3
(5 + 3W2)

(12)

�1,S(0) = mseed

�c

5

L
2
(5 + 3W2)

(13)

�2,S(0) = mseed

�c

(5 + W2)

L(5 + 3W2)
(14)

�3,S(0) = mseed

�c
(15)

The following constraints were placed on the crystallization
model and initial seed parameters: L = 0.6 × 10−3 m, W = 0.1,
mseed = 0.0231 kg/kg, tb = 160 min, S(0) = 2.8 × 10−3. The initial crys-
tallizer temperature (Ti) was  32◦C and the final temperature
(Tf) was  22◦C. The cooling rate was  constrained between
(dT/dt)min = −0.1◦C/min and (dT/dt)max = 0◦C/min.

3. Design of dynamic experiments

Design of experiments combined with response surface model-
ing is a data-driven approach for developing statistical models to
characterize a process response through a set of statistically sig-
nificant process variables. The process variables (x) are generally
defined in terms of dimensionless (coded) variables (w),

x = xref + w�x. (16)

where xref = (xmax + xmin)/2 and �x  = (xmax − xmin)/2. xmin and xmax

are the minimum and maximum values of the process variable
being evaluated in the experimental design, respectively. The coded
variable takes values between −1 and 1 depending on the type
of experimental design chosen to evaluate the process. The main
drawback of (16) in the DoE framework is its inability to evalu-
ate time-variant process variables. This poses a problem for the
data-driven optimization of batch processes, since batch processes
are typically nonlinear and in general have time-varying optimal
control trajectories.

Chen and Sheui [20] attempted to evaluate dynamic profiles
using a data-driven technique. They presented a method that used
a parameterized expansion of orthogonal basis functions to build
a time-varying input trajectory and Taguchi’s orthogonal array
method to determine the number of basis functions to include in the
profile and the parameter values that optimize the control trajec-
tory. In a simulated environment, the authors applied the method
to a penicillin model and found that 50 experiments were required
to reach an optimum input trajectory. Georgakis [1] independently
developed an experimental design methodology that provides a
systematic way  to design experiments with time-varying input tra-
jectories for batch processes. His design of dynamic experiments
methodology formulates dynamic input trajectories in a similar
fashion to (16) and uses the approach of DoE  to determine the
experimental design points. His systematic approach requires a
smaller number of experiments, which is of critical importance in
an experimental design methodology. As stated earlier, when DoDE
is combined with RSM and linear/nonlinear optimization it yields
a data-driven optimization technique called DoDE optimization.
In what follows, we demonstrate how DoDE, as a data-driven
methodology, allows for the systematic evaluation of time-varying
profiles using the techniques of design of experiments and response
surface modeling. The dynamic variable u(�) is approximated
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y un(�) which is expressed in terms of a finite basis function expan-
ion around a reference trajectory (uref(�))

(�) ≈ un(�) = uref (�) + �u(�)
n∑

i=1

ai�i(�) (17)

here uref(�) = (umax(�) + umin(�))/2 and �u  = (umax(�) − umin(�))/2.
min(�) and umax(�) are the lower and upper bounds of the tra-

ectories of interest, respectively, and � is the dimensionless time,
efined by � = t/tb. The coefficients ai, referred to as dynamic sub-
actors (DSF), play the same role as coded variables in the DoE case
n terms of defining a design space1 and acting as regressors in the
SM. Upon further inspection of (17) we find that (16) is a special
ase, specifically, when uref(�) and �u(�) have no � dependence,

 = 1, �1(�) = 1, and a1 = w.
For this study, the cooling rate profile was parameterized as an

xpansion of shifted Legendre polynomials. The cooling rate profile
as selected in order to satisfy the cooling rate constraints placed

n the crystallization. The temperature profile was then obtained
y integrating the cooling rate profile. The shifted Legendre polyno-
ials were selected as they represent a complete set of orthogonal

olynomial functions in the interval [0, 1]. This allows for evalua-
ion of the time-variant cooling rate profiles over the dimensionless
ime interval [0, 1]. The general expansion for the dimensionless
ooling rate equation is

un(�) = − d�

d�
= 1 +

n∑
i=1

aiPi(�). (18)

Comparing (18) to (17) we see that uref(�) = 1 and �u = 1.
i(�) is the ith shifted Legendre polynomial and ai is the ith
ynamic subfactor. Here, � is the dimensionless temperature
� = (T − Ti)/(Ti − Tf)). Setting uref(�) = 1 forces the temperature pro-
le at t = 0 and t = tb to take the values Ti and Tf, respectively.

For the case of two dynamic subfactors (n = 2), the dimensionless
ooling rate is parameterized as

d�

d�
= −1 − a1(2�  − 1) − a2(1 − 6� + 6�2). (19)

ntegrating (19) gives the dimensionless temperature profile

(�) = −� − a1(�2 − �) − a2(� − 3�2 + 2�3). (20)

The design space for the dynamic subfactors is determined by
nforcing the cooling rate constraints on the cooling rate profile. In
imensionless form the constraint is

1.6 ≤ d�

d�
≤ 0 � ∈ [0,  1].  (21)

The design space is represented by the intersection of inequali-
ies (22)–(24).

1.6 ≤ d�(0)
d�

≤ 0 (22)

1.6 ≤ d�(1)
d�

≤ 0 (23)
1.6 ≤ d�(�∗)
d�

≤ 0 �∗ ∈ [0,  1] (24)

1 The term design space in this manuscript represents the set of allowable values
f the variables in the experimental design. It does not refer to the FDA’s definition
f  design space.
Fig. 1. Design space inequalities (22)–(24) for the two dynamic subfactor case.
The design space is defined as the intersection of the inequalities, in this case the
diamond region in the center of the figure.

The variable �* in (24) denotes the time instance at which the
cooling rate attains a minimum or maximum value and is found by
solving (25) for �.

d
d�

(
d�

d�

)
= 0 (25)

Inequalities (22) and (23) limit the value of the cooling rate at
t = 0 and t = tb, respectively, and impose linear constraints on the
dynamic subfactors. Inequality (24) has the potential to generate
nonlinear bounding constraints on the dynamic subfactors when
dealing with polynomial basis functions of order two and higher.

The area bound by inequalities (22)–(24) with (19) is shown in
Fig. 1. The nonlinear boundaries generated from (24) are depicted
by the curved lines. Only the intersection of the inequalities is active
in defining the design space. In Fig. 1, the design space is repre-
sented by the diamond-shaped intersection and specified by the
following four linear inequalities.

−a1 + a2 ≤ 0.6 (26)

a1 + a2 ≤ 0.6 (27)

a1 − a2 ≤ 1 (28)

−a1 − a2 ≤ 1 (29)

The intersection of (26)–(29) is expanded in Fig. 2. The solid cir-
cles in Fig. 2 represent design points where experiments will be
performed to evaluate the two response variables of interest, m0
(1) and m3 (2), within the design space. For this design space, we
used a central composite design to select the location of the design
points. Figs. 3 and 4 depict the dimensionless cooling rate and tem-
perature trajectories, respectively, for five of the nine experimental
design points. Note that all cooling rates satisfy (21) and all temper-
ature trajectories generated from points inside the design space are
bound from above and below by the temperature profiles generated
at design points (a1, a2) = (0.8, − 0.2) and (− 0.8, − 0.2), respectively.

As mentioned earlier, the function selected for the param-
eterized input profile can limit the range of values the profile
can achieve. The lower cooling rate constraint that can be eval-
uated using the parameterized cooling rate profile (18) depends
on the number of basis functions included in the expansion. Sup-
pose the lower cooling rate constraint was −0.5◦C/min instead of

−0.1◦C/min. Evaluation of (18) with two  basis functions yields a
minimum cooling rate of −0.25◦C/min, three basis functions yields
a cooling rate of −0.375◦C/min, and four basis functions yields
−0.56◦C/min. This suggests that at least four basis functions, and
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Fig. 2. Design space for two dynamic subfactors. Experimental points are denoted
by  solid circles.

Fig. 3. Cooling rate profiles generated using five of the nine design points from
within the design space shown in Fig. 2.

Fig. 4. Temperature profiles generated using five of the nine design points from
within the design space shown in Fig. 2. These temperature trajectories correspond
to  the cooling rate profiles shown in Fig. 3.
cess Control 23 (2013) 179– 188 183

four dynamic subfactors, are required to evaluate cooling rates
down to −0.5◦C/min. It also shows that the number of dynamic
subfactors required in the experimental design, and the number of
experiments that must be performed, increases when evaluating
systems with decreasing cooling rate constraints.

4. Results and discussion

We now apply the DoDE optimization technique to the seeded,
potassium nitrate–water batch crystallization model discussed in
Section 2 and compare the results of the optimum temperature pro-
files calculated for (1) and (2) to the temperature profiles calculated
using a model-based optimization technique.

4.1. Model-based optimization

The model-based optimum temperature profile was  determined
by solving the following nonlinear optimization problem:

min
T(t)

J(tb)

s.t. model Eqs.: (4)–(11)

initial seed conditions: (12)–(15)

constraints :

Tf ≤ T ≤ Ti(
dT

dt

)
min

≤ dT

dt
≤

(
dT

dt

)
max

(30)

where J(tb) = m0 for the first objective (1) and J(tb) = − m3 for the sec-
ond objective (2).  The model parameter values and initial condition
values for (4)–(15) and the constraint values are listed in Section 2.

The crystallization model was converted to a system of alge-
braic equations using Radau collocation on finite elements [18]. The
system was  discretized into 15 finite elements with 3 collocation
points per element. Before performing the optimization, the crys-
tallization model was integrated using an arbitrary temperature
trajectory so that the optimization routine would begin on a con-
straint manifold. In order to ensure a global optimum was  found,
the optimization routine was run using a number of different ini-
tial temperature profiles. In all cases they converged to the results
reported.

We solved the model-based optimization problem using the
general algebraic modeling system (GAMS) [21] and the nonlinear,
constrained optimization solver, SNOPT [22], on the NEOS Server
for Optimization [23–25].

For the first objective, minimize m0, the optimum value was
found to be 64.89. The resulting optimum temperature profile
is shown in Fig. 5. For the second objective, maximize m3, the
optimum value was found to be 1.683. The resulting optimum tem-
perature profile is shown in Fig. 6.

4.2. Design of dynamic experiments optimization

The experimental data required to implement the DoDE opti-
mization strategy was  simulated using the crystallization model in
Matlab [26] using the Runge–Kutta solver ode45.  In order to intro-
duce variability into the simulated results, a normally distributed
random error not greater than 2%, N(0, 0.02/3), of the simulated
value was  added to the response variables, m0 and m3, at the end
of each simulated experiment.

4.2.1. Two dynamic subfactors

In order to calculate the optimum values of the dynamic sub-

factors, a1 and a2, in the parameterized cooling rate function (19),
data were simulated at each of the experimental points shown
in Fig. 2 for responses (1) and (2).  In addition to these nine data
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Table 1
RSM parameter estimates and 95% confidence intervals with VIF for 2 DSF models.

Parameter Response m0 Response m3

Estimate VIF Estimate VIF

ˆ̌ 0 65.83 ± 0.54 – 1.488 ± 0.009 –
ˆ̌ 1 0 – 0.143 ± 0.011 1
ˆ̌ 2 −1.88 ± 0.68 1 −0.063 ± 0.011 1
ˆ̌ 12 0 – 0 –
Fig. 5. Optimum temperature profiles for objective minimize m0.

oints, three additional center-point experiments were simulated.
he replicated center-point experiments were used to estimate
he inherent variability of the process, which was  assumed to be
niform throughout the design space. This value was  used to deter-
ine the significance of each term in the response surface model

nd to calculate the lack of fit (LoF) statistic. The LoF statistic was
sed to evaluate whether the response surface model adequately
epresented the variability in the data that was not attributed to
he inherent variability.

Second-order response surface models were fitted to the simu-
ated response variables, m0 and m3. Before estimating the model
arameters, the dynamic subfactors were scaled to range between
1 and 1 with the following scaling function

 = a − (amax + amin)/2
(amax − amin)/2

(31)

here a is the scaled variable, and where amin and amax are the
inimum and maximum values of the dynamic subfactor. For the

wo dynamic subfactor case the variable scalings are

1 = a1

0.8
(32)

2 = a2 + 0.2
0.8

. (33)
This scaling was performed so the magnitude of significant
arameter estimates was of the same order and so each parameter
stimate was made with similar precision [15].

Fig. 6. Optimum temperature profiles for objective maximize m3.
ˆ̌ 11 3.94 ± 1.02 1.13 0.023 ± 0.017 1.13
ˆ̌ 22 1.28 ± 1.02 1.13 −0.027 ± 0.017 1.13

A second-order response surface model is defined by

ŷ = ˆ̌ 0 +
n∑

i=1

ˆ̌
iai +

n∑
i=1

n∑
j=i+1

ˆ̌
ijaiaj +

n∑
i=1

ˆ̌
iia

2
i (34)

where ŷ is the predicted response (objective) variable, in this case
m0 or m3, and ˆ̌

i, ˆ̌
ij , and ˆ̌

ii are the model parameters.
Second-order response surface models were fitted to the data for

each response variable using linear least squares regression. Mod-
els and parameter estimates were tested at a significance level of

 ̨ = 0.05. The parameter estimates and 95% confidence intervals for
the m0 and m3 response surface models are listed in Table 1. Param-
eters whose confidence intervals included zero are nonsignificant
and denoted in Table 1 with a zero value. The significance of the
parameter estimates was  evaluated using a partial t-test.

The following steps were taken to test the validity of each
response surface model: (1) the variance inflation factors (VIF)
were calculated to determine if multicollinearity existed between
regressors; (2) the model residuals were calculated to ensure they
were normally distributed; (3) the adjusted R2 (R2(adj)) and pre-
dicted R2 (R2(pred)) values were calculated to determine how much
of the variability in the data was  explained and predicted by the
RSM; and (4) the lack of fit statistics were calculated for each RSM
to ensure the model adequately fit the data.

The VIF values reported in Table 1 indicate the amount of
multicollinearity between regressors, in this case the dynamic sub-
factors, in the model. A value of one indicates no multicollinearity,
while values above 10 indicate the presence of multicollinearity
between two or more of the regressors [16]. Multicollinearity leads
to parameters estimates with large standard errors and models
with poor predictive capabilities. The VIF values for the parameters
in the two RSM models have values of one or close to one indicating
the regressors are not correlated.

An evaluation of the model residuals (data not presented) found
them to be structureless and normally distributed. No patterns in
the data were seen when the residuals were plotted versus the pre-
dicted response or against experiment number. The Shapiro–Wilk
W test was  used to evaluate whether the model residuals were dis-
tributed normally for each response. In both cases the test statistic
had a p-value >0.05 indicating that the null hypothesis, the residuals
are normally distributed, could not be rejected.

R2(adj) and R2(pred) values for each RSM model are listed
in Table 2. Values close to 100% are desired. The R2(adj) value
describes how much of the variability in the response data is
accounted for by the model. It is similar to the R2 statistic but is
corrected for the number of factors in the model, making it a bet-
ter indication of how the variability in the data is accounted for. In
the case of the m0 and m3 RSM’s, we see that 91% and 99% of the
variability in the data is accounted for by each model, respectively.

The R2(pred) value is an indication of how much of the vari-

ability in the predicted response is accounted for by the RSM. The
R2(pred) values for the m0 and m3 RSM’s indicate that the models
will account for 84% and 98% of the variability, respectively, when
using the model to predict outcomes within the design space.
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Table 2
DoDE results summary.

Response Number of
experiments

R2(adj) R2(pred) LoF p-value Optimum values Predicted response Simulated response

a1 a2 a3

m0 (2 DSF) 12 0.91 0.84 0.70 0 0.39 – 65.14 ± 1.29 65.39
0.80 −0.20 – 1.653 ± 0.023 1.634
0.24 0.32 −0.31 65.06 ± 0.84 65.08
0.81 −0.49 −0.30 1.663 ± 0.036 1.631
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Table 3
RSM parameter estimates and 95% confidence intervals with VIF for 3 DSF models.

Parameter Response m0 Response m3

Estimate VIF Estimate VIF

ˆ̌ 0 65.91 ± 0.34 – 1.491 ± 0.009 –
ˆ̌ 1 0 – 0.128 ± 0.015 1.65
ˆ̌ 2 −2.04 ± 0.36 1.06 −0.072 ± 0.015 1.10
ˆ̌ 3 1.25 ± 0.36 1.05 0.041 ± 0.018 1.49
ˆ̌ 12 −2.30 ± 0.76 1.10 0 –
ˆ̌ 13 0 – −0.078 ± 0.050 2.12
ˆ̌ 23 0 – 0.056 ± 0.040 1.14
ˆ̌ 11 2.92 ± 0.50 1.06 0 –

optimization results are presented in Table 4.
Evaluation of the results presented in Table 2 shows that for

the response m0 an improvement is seen in the objective value
when moving from 2 DSF to 3 DSF. This improvement is also seen

Table 4
DoDE versus model-based optimum.

Objectives

min m0 max  m3

Model-based optimum (MBO) 64.89 1.683
m3 (2 DSF) 12 0.99 0.98 0.76 

m0 (3 DSF) 21 0.96 0.94 0.97 

m3 (3 DSF) 21 0.96 0.91 0.63 

The LoF statistic was calculated by splitting the sum of the square
f the errors for the RSM into a pure error and lack of fit component.
he pure error is calculated using the replicated center-point exper-
ments, four in this work, making it independent of the error in the
SM. The lack of fit error is calculated from residuals found using
he overall average predicted response and the individual predicted
esponses at each experimental point. The lack of fit statistic fol-
ows an F-distribution, therefore, if the ratio of the mean square of
ure error to mean square of LoF error is close to one, the lack of fit
tatistic is not significant (p-value >0.05), indicating the model is
ot missing any significant terms. The LoF statistic for each model

s presented in Table 2. Each RSM has a lack of fit statistic that
s nonsignificant, indicating that the form of the RSM adequately
escribes the data for each response variable.

The following optimization problem was solved in order to find
he optimum values of the dynamic subfactors that minimized and

aximized the response surface model representing m0 and m3,
espectively:

min
a1,a2

ŷ(34)

s.t. ˆ̌ values listed in Table 1

design space constraints (26)–(29)

(35)

here ŷ = m0 for the fist objective and ŷ = −m3 for the second
bjective.

The optimum values of the dynamic subfactors were used to
alculate the predicted responses and 95% prediction intervals for
oth the m0 and m3 response surface models. Optimum tempera-
ure profiles were generated from (20) using the optimum dynamic
ubfactor values for each RSM. The crystallization model was  sim-
lated to determine the value of m0 and m3 using the appropriate
ptimized temperature trajectory. The predicted response values
ound using the RSM’s agree with the simulated values calcu-
ated using the optimum temperature trajectories. The optimum
ynamic subfactors, predicted response, and simulated response
alues are reported in Table 2.

Results of the optimized objectives are given in Table 4. The val-
es reported for the DoDE optimization method were obtained by
imulating the crystallization model using the optimum temper-
ture trajectory generated from the optimum dynamic subfactor
alues. It is seen that the DoDE optimization is able to calculate
n optimum operating trajectory that comes within 0.77% of the
odel-based optimum for the objective minimize m0 and within

.9% of the model-based optimum for the objective maximize
3.

In order to get a sense of the variability in the response data from
he DoDE simulations, the percent difference between the model
ased optimum and the least favorable experimental result for each
esponse variable was calculated. Evaluating the response variable

0, the least favorable temperature trajectory was  located at (− 0.8,
 0.2) where m0 = 69.98 and the percent difference from the model
ased optimum was 7.8%. For response m3, the least favorable tra-
ectory was also located at (− 0.8, − 0.2) where m3 = 1.367 and the
ercent difference from the model based optimum was 18.8%. The
emperature profile generated at (a1, a2) = (−0.8, − 0.2) is similar
o a natural cooling (temperature) profile (see Fig. 4), which have
ˆ̌ 22 2.05 ± 0.61 1.14 0 –
ˆ̌ 33 1.96 ± 0.55 1.09 −0.052 ± 0.030 1.93

been reported [8,27] to increase nucleation in the early stages of the
crystallization due to elevated supersaturation values generated by
the elevated initial rate of cooling.

4.2.2. Three dynamic subfactors
The two dynamic subfactor DoDE design was augmented with

nine additional experimental points in order to evaluate a cooling
rate profile with three dynamic subfactors

d�

d�
= −1 − a1(2�  − 1) − a2(1 − 6� + 6�2) − a3(20�3 − 30�2

+ 12� − 1).  (36)

The design space was  calculated using (22)–(25) with (36) and
was found to have an active, nonlinear bounding surface constraint.
Therefore, a D-optimal experimental design algorithm was  used to
augment the 2 DSF experimental design with nine additional exper-
imental points. The dynamic subfactors were once again scaled to
range between −1 and 1 using (31) and a second-order RSM was
fit to the simulated response data. The RSM’s were analyzed in the
same manner as before. Parameter estimates and VIF values are
presented in Table 3 and a summary of the model and optimiza-
tion results are presented in Table 2. A comparison of the DoDE
optimization results for the 3 DSF design versus the model-based
DoDE optimum (2 DSF) 65.39 1.634
%  Difference from MBO  (2 DSF) 0.77% 2.91%
DoDE optimum (3 DSF) 65.08 1.631
%  Difference from MBO  (3 DSF) 0.29% 3.09%



186 A. Fiordalis, C. Georgakis / Journal of Process Control 23 (2013) 179– 188

i
t
D
n
w
a
p

d
p
s
F
t
o
t
T
p
m
o

u
a
t
a
(
b
t
s
r
t
D

f
o
f
e
t
o
w
s
i
t
b
f
a
t

Table 5
RSM parameter estimates and 95% confidence intervals with VIF for 2 DSF models
simulated using random differential equations.

Parameter Case 1 Case 2

Estimate VIF Estimate VIF

ˆ̌ 0 1.461 ± 0.014 – 1.463 ± 0.038 –
ˆ

Fig. 7. Optimum cooling rate profiles for objective maximize m3.

n the agreement between the optimum DoDE and MBO  tempera-
ure profiles (Fig. 5). While an improvement is seen between the 2
SF and 3 DSF cases it is modest and the cost associated with run-
ing nine additional experiments to fit the third DSF may  not be
orth the effort. This is quantified in the predicted response data

s there is not a significant difference between the 2 DSF and 3 DSF
redictions.

The results for response m3 show that there is essentially no
ifference in the objective values obtained from the optimal tem-
erature trajectories calculated from the 2 DSF and 3 DSF response
urface models. Evaluation of the optimal temperature profiles in
ig. 6 shows no real improvement in the optimal trajectory with
he addition of a third DSF. In order to gain a better understanding
f why no improvement was seen, the optimal cooling rate trajec-
ories were plotted for the MBO  and 2 DSF and 3 DSF cases (Fig. 7).
he optimal cooling rate trajectory for the MBO  was  found to be
iecewise continuous, consisting of a singular arc followed by a seg-
ent where the cooling rate attains its maximum negative value

f −0 .1◦C/min.
The form of the MBO  cooling rate trajectory cannot be obtained

sing 2 or 3 DSF since the derivatives of the DoDE temperature
nd cooling rate profiles are always continuous. Therefore, in order
o approximate the MBO  temperature profile with high accuracy

 large number of basis functions are required in the expansion of
18). The number of basis functions required can be determined
y projecting the optimal cooling rate profile onto the basis func-
ions in order to find a function in the span of the basis function
pace which approximates the MBO  cooling rate profile. Doing so
eveals that >20 basis functions are required to generate a profile
hat begins to approximate the MBO  profile in Fig. 7. Evaluating 20
SF is an experimentally exorbitant undertaking.

It is well known that the near optimal temperature trajectories
or batch cooling crystallizations follow trajectories similar to the
ne obtained for objective m3 [8].  Temperature trajectories of this
orm, slow cooling followed by fast cooling, have also been found
xperimentally for cooling crystallizations operated under concen-
ration control at a constant supersaturation set point [28]. One
ption for improving upon the DoDE profiles tested in this analysis
ould be to break the time interval into two subintervals using a

witch time (�s) variable. Setting the cooling rate in the second time
nterval (� ∈ [�s, 1]) at the most negative cooling rate attainable by
he crystallizer, the dimensionless switch temperature (�s) could

e calculated at �s. Using this information, DoDE profiles (un(�))
or the cooling rate could be designed on the interval � ∈ [0, �s) and

 set of experiments could be generated to evaluate the values of
he dynamic subfactors in un(�) along with the value for �s.
ˇ1 0.139 ± 0.028 1 0.162 ± 0.075 1
ˆ̌ 2 −0.062 ± 0.028 1 −0.110 ± 0.075 1

For both objectives evaluated here, DoDE was able to find opti-
mum values within a few percent of the model-based optimum
values. In most cases, the true optimum is unknown and the DoDE
approximation to the true optimum using 2 or 3 DSF  will be ade-
quate. This will be shown in the next section by performing a
sensitivity analysis around the model-based optimum temperature
profile and the DoDE optimum profile with 2 DSF.

4.3. Sensitivity analysis

Stochastic simulations were performed to evaluate the sensitiv-
ity of the system response around the optimum temperature profile
to variability in the process parameters. This was achieved by sim-
ulating the crystallization model using random parameter values
following an approach used by Lal Tiwari and Hobbie [29]. This
sensitivity analysis aims to help us understand how the response
variable m3 is affected by the uncertainty in the model parameters
for both the MBO  and DoDE optimum temperature trajectories. The
nucleation and growth rate parameter estimates and 95% confi-
dence intervals calculated by Miller and Rawlings [2],  and reported
in Section 2, were assumed to come from a normal distribution.
Each parameter had a mean (p�) and standard deviation (p�). Ran-
dom parameter values (p) for each of the model parameters were
sampled from p = p� + p�N(0, 1) where N(0, 1) is a normally dis-
tributed random variable with mean equal to zero and standard
deviation equal to one.

A fixed-step Runge–Kutta solver was  implemented in Matlab
using vectorized code in order to enable a large number of stochas-
tic simulations (realizations) of the crystallization model in a short
amount of time. The system was simulated for two cases

• Case 1: Random parameter values and fixed initial seed condi-
tions.

• Case 2: Random parameter values and random initial seed con-
ditions.

In both cases, the random parameter values were sampled and
updated at each time step in the numerical integration. In Case 2,
randomness was also introduced in the initial moment equations
for the seed distribution (12)–(15) through L and W at t = 0. The
average seed length L was assumed to have mean L� = 0.6 × 10−3

m and standard deviation L� = 0.1 × 10−4 m. The width of the seed
distribution W was  assumed to have mean W� = 0.1 and standard
deviation W� = 0.01. The random variables, L and W,  were assumed
to come from a normal distribution.

Temperature profiles that optimized the response m3 were cal-
culated using the DoDE optimization method for Cases 1 and 2 of the
stochastic system with the two  dynamic subfactor design (Fig. 2)
and a second-order response surface model. The optimum values of
the dynamic subfactors were again calculated to be (a1, a2) = (0.8,
− 0.2) for both Cases 1 and 2. Only the intercept and first order

terms were found to be significant in both RSM’s (see Table 5). The
model statistics for Case 1 were R2(adj) = 0.93 and LoF = 0.87. The
model statistics for Case 2 were R2(adj) = 0.74 and LoF = 0.07.
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Fig. 8. Crystallization model simulated 5000 times with error in the parameters
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in the parameter values and initial seed conditions was accounted
sing the MBO  temperature profile (top) and the DoDE optimum temperature profile
bottom).

The R2(adj) statistic indicates that the RSM for Case 2 is not able
o account for the variability in the data as well as in Case 1. The
ack of fit statistic for Case 2 is also much smaller than the LoF
or Case 1. This is due to the increase in inherent variability in the
ata caused by the random initial seed conditions simulated in Case
. Also, the fact that only the intercept and first order terms are
ignificant in the RSM’s brings up the point that the experimental
nalysis should proceed sequentially, especially in the present case
here the design space is fixed and cannot be moved. If real exper-

ments were being performed, it would have been more advisable
o run experiments at the corner points of the design space, with
eplicated center points, and fit a first order RSM to the measured
esponse data. The LoF statistic could then be used to determine
f a second order model was more appropriate and the experi-

ental analysis could be augmented with additional experimental
oints.

To understand how the response variable m3 was distributed in
he presence of parameter and initial seed condition uncertainty,
000 simulations were preformed using the MBO  and DoDE opti-
um  temperature profiles for Cases 1 and 2. The model based

ptimum temperature profile calculated previously for the m3
bjective was again taken as the true reference optimum. The DoDE
ptimum temperature profile was generated using the optimum
ynamic subfactor values (a1, a2) = (0.8, − 0.2) for each of the RSM’s
alculated from Cases 1 and 2.

Histograms for m3 are shown in Figs. 8 and 9 for Case 1 and Case
, respectively. Fig. 8 shows that when only parameter variability

s accounted for the values of m3 are tightly distributed around the
istribution mean. Fig. 9 shows that the variability in the distribu-
ion of m3 is greatly increased when the model is simulated with
andomness in the initial seed condition. Based on these results, it

ppears the outcome of the crystallization is much more sensitive
o the initial seed characteristics than to variability in the kinetic
arameters.
Fig. 9. Crystallization model simulated 5000 times with error in the parameters
and initial seed conditions using the MBO  temperature profile (top) and the DoDE
optimum temperature profile (bottom).

The power of the DoDE methodology is clearly seen in the results
of Case 2 where there is large overlap in the two distributions for
m3. Here we see that the optimum temperature profile obtained
using DoDE yields results from a distribution that is very close to
the distribution obtained with the model based temperature pro-
file. Since all processes have some amount of inherent variability,
these simulations show that while DoDE does not find the true opti-
mum dynamic profile, it is able to find a near optimal profile that
generates results almost equivalent to those from a true optimum
profile once process variability is accounted for.

5. Conclusions

In this paper we  showed how the design of dynamic exper-
iments optimization methodology can be used to optimize a
time-variant input profile for a simple, batch crystallization process
without the need for a first-principles model. The DoDE methodol-
ogy was  capable of finding near optimal temperature trajectories
for early and late-growth optimization objectives that resulted in
objective values within a few percent of the model-based optimum.

It was seen that for smooth cooling rate profiles, the addition
of a third dynamic subfactor improved the optimization objective.
However, when the cooling rate profile had a discontinuity in its
derivative, the addition of a third dynamic subfactor resulted in
no improvement in the value of the optimization objective. More
work needs to be done to address how the DoDE methodology can
be used to determine if a profile is piecewise continuous and how
best to modify the experimental design.

The sensitivity analysis showed that when random variability
for in the model, there was  a large amount of overlap in the
distributions of the response variable for the model-based and
DoDE optimum temperature trajectories. This result indicates that
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his crystallization model is highly sensitive to the initial seed
haracteristics, and more importantly, that in the presence of pro-
ess variability there is little difference in the distributions of the
esponse variable between the true optimum input trajectory and
he near-optimum DoDE trajectory. Further simulation work must
e performed which considers plant/model mismatch in order to
ive a more realistic comparison between DoDE optimization and
odel-based optimization.
Based on the findings presented in this paper, the DoDE opti-

ization methodology has the potential to be extremely useful
or optimizing complex batch crystallization processes where no
rst-principles model exists or where the response variable to be
ptimized cannot be expressed in terms of a first-principles model.
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