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Abstract

Design of chemical absorption and stripping columns requires a model of interphase

transport and an algorithm for solving the governing algebraic and di�erential equa-

tions. Numerical methods for calculating reaction-enhanced gas absorption rates are

computation-intensive. Combined with the iterative nature of design calculations

for absorber-stripper systems with countercurrent internal ows, this results in long

computation times.

Prior to this work, the open literature included numerous reports of linearization

techniques for solving simple absorption/reaction problems. Few were designed to

treat systems characterized by multiple nonlinear di�erential equations, and most

made simplifying assumptions about reaction kinetics that limited their applicabil-

ity.

The primary goals of this project were to substantially reduce computation times

for �lm theory-based simulations of steady-state absorption with multiple reversible

reactions, and do so without signi�cant loss of accuracy. An added incentive was

to be able to simulate ue gas carbon dioxide capture via absorption in aqueous

solutions of blended amines.

The primary goals were accomplished by improving upon linearization techniques

known to yield approximate but accurate closed-form solutions to the nonlinear ordi-

nary di�erential equations (ODEs) governing absorption with one reaction. Closed-

form solutions also facilitate elucidation of underlying physicochemical phenomena.

The �rst part of this thesis assesses the accuracy of two published linearization

schemes for modeling absorption with one reversible reaction. One scheme, pub-

lished in 1948 by Van Krevelen and Hoftijzer (\VKH"), is asymptotically valid for

thin liquid �lms; the other for thick liquid �lms. The VKH method proved more

accurate and versatile.
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The second part further validates the VKH linearization scheme by applying

it to simulate carbon dioxide absorption in solutions containing a weak base or a

weak acid, both of which catalyze CO2 hydrolysis. The VKH method proved highly

accurate; generally yielding absorption rates that di�ered by less than 1% from exact

values obtained via numerical analysis.

The same method was then modi�ed to accurately linearize models of absorption

with series and parallel reactions; and eventually to simulate absorption with the

complex reactions that mediate CO2 capture in solutions of amine blends. The

modi�ed thin-�lm approximation proved easy to apply and remarkably accurate for

simulating industrially relevant operating conditions.
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Nomenclature

In the following tables, { denotes a dimensionless quantity.

Symbol Units Description

aij { constants in linearized system of homogeneous
ODEs; see equation (4.29)

Ai { parameter in equation (5.41)

As m2 surface area; de�ned preceding equation (2.2)

bij { constants in linearized system of nonhomoge-
neous ODEs; see equations (4.20) and (5.31)

Bi { parameter in equation (5.41)

Ci { integration constants; de�ned by equation (3.27)

d1 { de�ned by equation (5.26b)

Di m2/s di�usivity coe�cient of species i

D� m2/s e�ective di�usivity coe�cient

Ef { enhancement factor; de�ned by equations (1.3),
(2.24), (2.29), (2.34), (2.35), (3.29), (4.16),
(4.37), and (5.35)

Ef;i { contribution to Ef due to species i; de�ned by
equation (5.47)

Ef;1;irr { enhancement factor for an instantaneous irre-
versible reaction; de�ned by equations (2.21),
(4.19), and (4.39)

Ef;min { enhancement factor under conditions of pure dif-
fusion; de�ned in Section 2.3

Ef;1;rev { enhancement factor for an instantaneous re-
versible reaction de�ned in equations (2.20),
(2.37), (4.17), and (4.38)
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Symbol Units Description

g { de�ned by equation (3.24b)

g1 { de�ned by equation (2.27)

Ha { Hatta number; de�ned following equations
(2.14) and (4.4)

Ha1 { Hatta number; de�ned by equations (3.22a),
(4.10a), (4.36a), and (5.28a)

Ha2 { Hatta number; de�ned by equations (3.22b),
(4.10b), (4.36b), and (5.28b)

Ha3 { Hatta number; de�ned by equation (5.28c)

Ha4 { Hatta number; de�ned by equations (3.22c) and
(5.28d)

[i]; [j] mol/L concentration of species i or j

[i]T mol/L total concentration of species i; de�ned in the
paragraph preceding equation (2.12), following
equations (3.12), (4.8), and (4.35), and by equa-
tion (5.18)

i, j { dimensionless concentration of species i or j; de-
�ned by equations (2.13), (3.13), (4.8), (5.19)

i, j { dimensionless pseudo-equilibrium concentration
of species i or j; see equation (2.38)

kG mol/(m2�Pa�s) gas-phase mass-transfer coe�cient

k0
L m/s liquid-phase mass-transfer coe�cient under con-

ditions of pure di�usion

kL m/s liquid-phase mass-transfer coe�cient under con-
ditions of di�usion with simultaneous reaction

k1, k�1 1/s, L/(mol�s) forward and reverse reaction rate constants; re-
actions (1.4), (1.5a), (1.7a), and (1.8a)

k2, k�2 1/s, L/(mol�s) forward and reverse reaction rate constants; re-
actions (1.5b), (1.7b), and (1.8b)

k3a, k�3a 1/s, L/(mol�s) forward and reverse reaction rate constants; re-
action (1.9a)

k3b;i, k�3b;i L/(mol�s) forward and reverse reaction rate constants; re-
action (1.9b)

k3;i, k�3;i L2/(mol2�s) forward and reverse reaction rate constants; de-
�ned following equation (5.10)
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Symbol Units Description

k4, k�4 L/(mol�s) forward and reverse reaction rate constants; re-
actions (1.5c) and (1.9c)

Keq L/mol equilibrium constant; de�ned by equation (2.9)

Keq
1 {, mol/L equilibrium constant; de�ned by equa-

tions (3.3a) and (5.2a)

Keq
2 {, L/mol equilibrium constant; de�ned by equa-

tions (3.4a) and (5.3a)

Keq
3;i {, L/mol equilibrium constant; de�ned by equa-

tions (5.3c), (5.4a), (5.4b), and (5.7)

Keq
4 { equilibrium constant; de�ned by equa-

tions (3.4b) and (5.3b)

Keq
5 (mol/L)2 equilibrium constant; de�ned by equa-

tions (3.3b) and (5.2b)

Keq
6 mol/L equilibrium constant; de�ned by equation (5.2c)

Keq
7 mol/L equilibrium constant; de�ned by equa-

tions (3.3c) and (5.2d)

Keq
8 mol/L equilibrium constant; de�ned by equa-

tions (3.3d) and (5.2e)

Keq
carb mol/L equilibrium constant; de�ned by equation (5.2f)

K { dimensionless equilibrium constant; de�ned fol-
lowing equation (2.14)

K1 { dimensionless equilibrium constant; de�ned by
equations (3.14a), (4.11a), and (5.20a)

K2 { dimensionless equilibrium constant; de�ned by
equation (3.14b), (4.11b), and (5.20b)

K3;i { dimensionless equilibrium constant; de�ned by
equations (5.20c), (5.20d), (5.20e)

K4 { dimensionless equilibrium constant; de�ned by
equations (3.14c) and (5.20f)

K5 { dimensionless equilibrium constant; de�ned by
equations (3.14d) and (5.20g)

K6 { dimensionless equilibrium constant; de�ned by
equation (5.20h)

K7 { dimensionless equilibrium constant; de�ned by
equations (3.14e) and (5.20i)
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Symbol Units Description

K8 { dimensionless equilibrium constant; de�ned by
equations (3.14f) and (5.20j)

n1 { de�ned by equation (5.26a)

Ni mol/(m2�s) ux of species i

pi { polynomial coe�cients; de�ned by equation
(3.20)

Papprox parameter value calculated from approximate
method

Pi, Pi;G atm bulk-gas partial pressure of species i

Pnum parameter value calculated from numerical
method

R kJ/(mol�K) ideal gas constant (8:314� 10�3)

Relative
Error

% de�ned by equation (2.30)

r, ri mol/(m3�s) reaction rate

ri { eigenvalues; see equations (4.22), (4.31), and
(5.33)

T K temperature

t s time

x m distance from the gas/liquid interface

y { dimensionless distance from the gas/liquid inter-
face; de�ned by equations (2.13), (3.13), (4.8),
and (5.19)

Zi, Zi+4 { integration constants; see equations (4.22),
(4.31), and (5.33)

Greek

Symbol Units Description

�i mol/(m3�Pa) solubility coe�cient of species i

� { Hatta number ratio de�ned following equations
(4.10b) and (4.36b)

� m liquid-�lm thickness
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Symbol Units Description

�[i] mol/L di�erence between interface and bulk-liquid con-
centration of species i

�i, �j { dimensionless deviation variable for species i or j;
see equation (2.38)

�x;�y;�z m de�ned in Figure 2.1

�i cP
[10�3 kg/(m�s)]

viscosity of species i

 { de�ned following equation (3.17) and by equa-
tions (3.43) and (5.30)

� { equilibrium constant ratio; de�ned following
equation (5.24b)

�i cSt
(10�6 m2/s)

kinematic viscosity of species i

�i mol/(m2�s) interphase ux of gas i under conditions of pure
di�usion; de�ned following equation (1.1)

�i;rxn mol/(m2�s) interphase ux of gas i under conditions of di�u-
sion with simultaneous reaction; de�ned by equa-
tions (3.10) and (5.15)

�3 { de�ned by equation (2.43)

�i { dimensionless interphase ux of gas i under con-
ditions of pure di�usion

�i;rxn { dimensionless interphase ux of gas i under condi-
tions of di�usion with simultaneous reaction; de-
�ned by equations (2.26), (2.28), (2.48), (2.49),
(3.16), (3.28), (4.24), (4.32), (5.22), and (5.34)

�i kg/L density of species i

�i { dimensionless reaction rates; de�ned by equations
(4.9), (4.35), and (5.29)

�i;lin { linearized dimensionless reaction rate; de�ned by
equation (4.28)

�i { di�usivity ratio; de�ned following equations
(3.16) and (5.22)

�BA { di�usivity ratio; de�ned following equation (2.14)
and by equation (4.12)

�iB { di�usivity ratio of species i to B; de�ned following
equation (2.14) and by equation (4.13)
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Symbol Units Description

�0 { constant de�ned following equation (2.44) and by
equation (3.24a)

� mol/mol bulk-liquid loading; de�ned preceding equa-
tion (2.12), by equation (3.12), preceding equa-
tion (4.14a), and by equation (5.17)

� { de�ned following equation (2.24)

Subscripts and Superscripts

Symbol Description

0 gas/liquid interface (x = 0, y = 0)

� bulk liquid (x = �, y = 1)

eq equilibrium conditions

parallel parallel reaction scheme

series series reaction scheme

Chemical Species

Symbol Description

A absorbing species: Chapters 2 and 4; dimensionless CO2 concen-
tration: Chapters 3 and 5

B nonvolatile species: Chapters 2 and 4; dimensionless HCO�3 con-
centration: Chapters 3 and 5

Bz weak base: Chapter 5

Bz+1 conjugate acid of a weak base: Chapter 5

C nonvolatile species: Chapters 2 and 4; dimensionless CO�2
3 con-

centration: Chapters 3 and 5

CO2 carbon dioxide: Chapters 3 and 5

CO�2
3 carbonate ion: Chapters 3 and 5

D nonvolatile species: Chapters 2 and 4

DEEA diethylethanolamine (tertiary amine): Chapter 3
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Symbol Description

DEEA+ protonated DEEA: Chapter 3

E nonvolatile species: Chapters 2 and 4

F nonvolatile species: Chapters 2 and 4

H dimensionless H+ concentration: Chapters 3 and 5

H+ hydrogen ion: Chapters 3 and 5

H2O water: Chapters 3 and 5

HCO�3 bicarbonate ion: Chapters 3 and 5

M+ alkali metal ion: Chapters 3 and 5

MDEA methyldiethanolamine (tertiary amine): Chapters 3 and 5

MDEA+ protonated MDEA: Chapters 3 and 5

MEA monoethanolamine (primary amine): Chapter 5

MEA+ protonated MEA: Chapter 5

MEA� MEA carbamate: Chapter 5

DEA diethanolamine (secondary amine): Chapter 5

DEA+ protonated DEA: Chapter 5

DEA� DEA carbamate: Chapter 5

OH dimensionless OH� concentration: Chapters 3 and 5

OH� hydroxide ion: Chapters 3 and 5

Qz weak acid or conjugate acid of a weak base: Chapter 3

Qz�1 weak base or conjugate base of a weak acid: Chapter 3

R primary or secondary amine: Chapter 5

R+ protonated primary or secondary amine: Chapter 5

R� carbamate species from primary or secondary amine: Chapter 5

R3 tertiary amine: Chapter 5

R+
3 protonated tertiary amine: Chapter 5

TEA triethanolamine (tertiary amine): Chapter 3

TEA+ protonated TEA: Chapter 3

TREA triethylamine (tertiary amine): Chapter 3

TREA+ protonated TREA: Chapter 3

Zw� zwitterion intermediate: Chapter 5
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Chapter 1

Introduction

Design of gas/liquid reactors and chemical absorption columns requires a model of

interphase transport and an algorithm for solving the governing algebraic and dif-

ferential equations. The steady-state �lm model (Whitman, 1923) only requires the

solution of ordinary di�erential equations (ODEs) and is frequently implemented

for scoping purposes. It assumes that there are laminar �lms at either side of

the gas/liquid interface which delimit turbulently mixed bulk uid phases (see Fig-

ure 1.1). Mass transfer in the �lm layers is via molecular di�usion. The objective in

solving the model equations is to calculate the rate of gas absorption. Simultaneous

liquid-phase chemical reaction enhances the gas ux by increasing the magnitude of

the concentration gradient of dissolved gas.

Penetration theory (Higbie, 1934{1935) and surface renewal theory (Danckwerts,

1951) more realistically model interphase mass transfer as a nonsteady-state process.

Consequently, both require the solution of partial di�erential equations (PDEs).

Each assumes that liquid elements from the bulk randomly arrive at a gas/liquid

interface. Dissolved gas penetrates into the liquid via molecular di�usion during

short contact times, after which the liquid elements are instantaneously replaced by

fresh liquid and remixed into the bulk liquid. Penetration theory assumes a single

contact time, whereas the physically more realistic surface renewal model assigns a

range of contact times similar to a Poisson distribution.

When the di�usivities of all reactive species are assigned a single value and the
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Figure 1.1: The two-�lm model highlighting the di�erence between
the concentration pro�les in physical absorption (dotted line) and
absorption with reaction (solid line). The e�ect of reaction is to in-
creases the interfacial ux (�A;rxn) of the gaseous species, thereby
increasing the total amount absorbed. The gas and liquid �lms are
assumed to behave like laminar boundary layers in which species
transport is via molecular di�usion. The bulk regions are assumed
to be e�ectively well-mixed due to turbulent ow and instanta-
neously in chemical reaction equilibrium. Gas is absorbed when
PA;G > [A]�=�A, and desorbed when the inequality is reversed.

3



reactions are instantaneous, the �lm, penetration, and surface renewal models pre-

dict identical rates of mass transfer. According to Danckwerts and Sharma (1966),

di�usivity ratios in solutions of alkali or alkanolamines are in the 0.6{3 range under

typical industrial operating conditions, and surface renewal theory is more consistent

than either �lm or penetration theory with experimental data. Notably, however,

Brian et al. (1961) presented equations for the instantaneous absorption rate based

on penetration and �lm theory models and showed that they di�ered by a factor of

the square root of the di�usivity ratio. Chang and Rochelle (1982) and Glasscock

and Rochelle (1989) presented simulated data demonstrating that when di�usiv-

ity ratios are replaced by their square roots, �lm theory predictions more closely

approximate those based on penetration and surface renewal theory.

In the context of steady-state �lm theory, the liquid-phase mass transfer coef-

�cient, k0
L, for pure di�usion (i.e., in the absence of reaction e�ects) is de�ned as

follows:

k0
L �

�A

[A]0 � [A]�
(1.1)

where �A is the interphase ux, �DA(d[A]=dx)x=0; DA is the di�usivity of dissolved

gas; and [A]0 and [A]� are its respective interfacial and bulk liquid concentrations.

Recognizing that �A = DA([A]0 � [A]�)=� under conditions of physical absorption

(where � is the e�ective liquid thickness) it follows that:

k0
L =

DA

�
(1.2)

Notably, �, which varies with liquid-phase hydrodynamic conditions, is not readily

predicted from �rst principles. Instead, k0
L values are generally calculated using

empirical correlations for di�erent packing types, typically in terms of the dimen-

sionless Reynolds, Schmidt, and Stanton numbers (Astarita, 1967) based on libraries

of experimentally measured physical absorption rates (Danckwerts, 1970).

The increase in the interphase ux due to chemical reaction is conventionally
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expressed in terms of the \enhancement factor" de�ned as follows:

Ef �
�A;rxn

�A
(1.3)

where, �A;rxn and �A are the respective interfacial uxes of gas A with and without

chemical reaction.

Predicting �A;rxn is typically based on di�erential mass balances, i.e., ODEs

which are nonlinear due to reaction kinetics and for which analytical solutions are,

therefore, generally unavailable. Algorithms developed to solve nonlinear ODEs

implement either exact numerical (e.g. �nite-di�erence or collocation) methods, or

analytical solutions to the linearized di�erential equations. The latter algorithms

tend to be much less computationally intensive; therefore, the key issue with them

is accuracy.

Computation time can itself be an important consideration in the design of

absorber and stripper columns (see Figure 1.2), which typically require a very sub-

stantial number of local absorption/desorption rate calculations along the height

of each column. For adiabatic columns with countercurrent ows, the calculation

of column height is necessarily iterative because the exiting stream temperatures

are unknowns. This further compounds the number of interfacial ux calculations.

Furthermore, coupling of the absorber and stripper adds yet another layer of trial-

and-error to identify the compositions of the streams that ow between the columns.

Therefore, accurate linearized algorithms for calculating absorption rates o�er the

prospect for very substantially reduced computation times compared with numerical

analysis-based algorithms.

This thesis focuses on the development, validation, and application of compu-

tationally-e�cient linearized algorithms for simulating absorption of a single gaseous

species (A) which undergoes one or more (e.g. coupled series and parallel) reversible

non-equilibrium reactions with nonvolatile solutes. In all such cases, enhancement

factors are compared with exact values generated using the ODE and boundary

value problem (BVP) libraries found in MATLAB® version 7.12 (R2011a; The
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MathWorks, Natick, Massachusetts).

In Chapter 2, we examine the accuracy of enhancement factor predictions based

on two previously published linearization schemes, when they are applied to the case

of the following single reversible reaction with simple, nonlinear kinetics:

A+B 
 C (1.4)

The �rst linearization technique, which was introduced by Van Krevelen and Hofti-

jzer (1948) (and is henceforth referred to as \VKH linearization"), is asymptotically

valid in the limit of thin liquid �lms. The second technique, introduced by Meldon

et al. (2007), becomes exact in the limit of thick �lms.

In Chapter 3, we apply the VKH linearization technique to calculate enhance-

ment factors for CO2 absorption in alkaline solutions with and without a weak

acid or weak base catalyst of CO2 hydration (reaction (1.5c) below). The relevant

non-equilibrium reactions are:

CO2 +H2O 
 HCO�3 +H+ (1.5a)

CO2 +OH� 
 HCO�3 (1.5b)

CO2 +H2O
Qz�1

���*)��� HCO�3 +H+ (1.5c)

The equilibrium (e�ectively instantaneous proton transfer) reactions are:

H2O 
 OH� +H+ (1.6a)

Qz 
 Qz�1 +H+ (1.6b)

HCO�3 
 CO�2
3 +H+ (1.6c)

where Q represents a weak acid or base and z denotes charge. Despite the multi-

plicity of reactions, the mathematics governing the behavior of this system reduce

to one ODE plus algebra.

In Chapter 4, we develop separate algorithms to calculate enhancement factors
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for systems in which absorption of gas A is mediated by series and parallel non-

equilibrium reversible reactions, one of which applies a modi�cation of the VKH

linearization method, and the other is an extension of that of Meldon et al. (2007).

The series reaction scheme is comprised of the following two reversible reactions:

A+B 
 C +D (1.7a)

C +B 
 E + F (1.7b)

The parallel reaction scheme is as follows:

A+B 
 C +D (1.8a)

A+ C 
 E + F (1.8b)

In both scenarios, the second reaction, (1.7b) or (1.8b), cannot proceed until prod-

uct C is formed in the �rst reaction, (1.7a) or (1.8a), (unless, of course, it is already

present in the scrubbing solution). The consumption of B in the second series re-

action (1.7b) reduces the enhancement factor. In contrast, both reactions in the

parallel scheme (1.8) contribute to enhancement through the consumption of dis-

solved gaseous species A.

In Chapter 5, we apply the modi�ed VKH linearization technique to calculate

enhancement factors for CO2 absorption in solutions of either an amine plus alkali

or an amine blend. The pertinent non-equilibrium reactions are (1.5a), (1.5b), and

CO2 +R 
 Zw� (1.9a)

Zw� +Bz 
 R� +Bz+1 (1.9b)

CO2 +H2O +R3 
 HCO�3 +R+
3 (1.9c)
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The equilibrium reactions are (1.6a), (1.6c), and

R+ 
 R+H+ (1.10a)

R+
3 
 R3 +H+ (1.10b)

where R denotes a primary or secondary amine, R3 represents a tertiary amine, and

B is any base present that can deprotonate the zwitterion intermediate, Zw�, in

reaction (1.9b); e.g., R, R3, H2O.

Reversion of carbamate, R�, to bicarbonate (1.11) (for which the equilibrium

constant was reported by Danckwerts and McNeil (1967) and Kent and Eisenberg

(1976)) was included in the analysis of the equilibrium speciation:

R� +H2O 
 R+HCO�3 (1.11)

Mathematical analysis of CO2 absorption mediated by the multiple parallel re-

actions (1.5a), (1.5b), (1.9), (1.6a), (1.6c), (1.10), and (1.11), reduces to two ODEs

plus algebra.
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Chapter 2

Absorption with a Single

Reaction

In this chapter the equations governing mass transfer with simultaneous reaction

are introduced. The governing ODEs plus algebra are then solved approximately

following the linearization techniques of Van Krevelen and Hoftijzer (1948) and

Meldon et al. (2007), and numerically. A review of other published linearization

methods is also presented.

2.1 Differential Mass Balance

The reactive species i mass balance for a control volume �xed in space is given by:

8<:
rate of
mass

accumulation

9=; =

8<:
rate of
mass

in

9=;�
8<:

rate of
mass
out

9=;+

8<:
rate of
mass

generation

9=; (2.1)

Applied to a Cartesian coordinate control volume with surface area, AS = �y�z,

and thickness, �x, and unidirectional ux Ni (see Figure 2.1), equation (2.1) ex-

pands as follows:

(AS�x)
@[i]

@t
= AS [Ni(x)�Ni(x+ �x)]� (AS�x)ri = 0 (2.2)
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Figure 2.1: Control volume for mass balance on component i with
surface area AS = �y�z and thickness �x.

Here ri is the rate of consumption of component i. Rearranging equation (2.2),

dividing by AS�x, and letting �x approach zero gives:

lim
�x!0

�
Ni(x+ �x)�Ni(x)

�x

�
= �

�
@[i]

@t
+ ri

�
(2.3)

It follows that:

@Ni

@x
= �

�
@[i]

@t
+ ri

�
(2.4)

Absorption of CO2 in aqueous solutions produces gradients in the concentra-

tions of ionic species, the inequality of whose di�usivities generates voltage gradi-

ents known as \di�usion potentials." Therefore, the ux, Ni, is generally composed

of a migration term (accounting for the movement of ions in an electric �eld), a

di�usion term (accounting for the net transfer of ions or molecules due to a concen-

tration gradient), and a convection term (accounting for bulk motion of the liquid

medium) (Newman and Thomas-Alyea, 2004). In the context of the �lm-theory

model adopted in this thesis, the convection term is omitted.

Littel et al. (1991) modeled the simultaneous absorption of H2S and CO2 in
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alkanolamine solutions and compared absorption rates predicted with and without

inclusion of di�usion potential e�ects (in the latter case, assigning a single e�ective

di�usivity to all ionic species). The CO2 enhancement factors calculated for typical

industrial operating conditions di�ered by less than 10%. Based on their results,

and for simplicity, we neglect electrical gradients, assign a single e�ective di�usivity

to all ions, and assume that uxes are governed by Fick’s Law, i.e.:

Ni = �Di
d[i]

dx
(2.5)

Assuming, additionally, constant di�usivities, substitution of (2.5) into (2.4)

yields the following operative form of the unsteady-state mass balance:

Di
@2[i]

@x2
=
@[i]

@t
+ ri (2.6)

Equation (2.6) is the starting point for reactive absorption models based on the

penetration and surface renewal theories. Since �lm theory assumes a steady state,

the time derivative is set to zero, which simpli�es (2.6) to the following steady-state

mass balance for component i.

Di
d2[i]

dx2
= ri (2.7)

2.2 Single Reaction Problem Formulation

Because reaction kinetics are typically nonlinear, �lm theory analyses typically in-

volve nonlinear ODEs. This is the case, for example, when weakly soluble dissolved

gas A combines reversibly with nonvolatile B to form nonvolatile C according to

reaction (1.4). Here we assume that B and C are dilute, uncharged solutes and that

the following simple reaction kinetics apply:

r = k1[A][B]� k�1[C] (2.8)

Concentrations at reaction equilibrium (denoted by superscript eq) are then

12



related as follows:

Keq =
k1

k�1
=

�
[C]

[A][B]

�eq
(2.9)

The interphase ux, �A = �DA(d[A]=dx)x=0, is then governed by the following

coupled ODEs (i.e., equation (2.7) applied to A, B, and C):

DA
d2[A]

dx2
= DB

d2[B]

dx2
= �DC

d2[C]

dx2
= r (2.10)

which are subject to the following boundary conditions:

x = 0 :
d[A]

dx
= � kG

DA

�
PA;G �

[A]0
�A

�
;

d[B]

dx
=

d[C]

dx
= 0 (2.11a)

x = � : [i] = [i]� i = A;B;C (2.11b)

where kG is a gas-phase mass transfer coe�cient, PA;G is the partial pressure of

A in the bulk gas, �A is the constant solubility coe�cient which is assumed to

relate partial pressures to equilibrium dissolved concentrations, and the bulk liquid

concentrations [j]� are assumed to satisfy equation (2.9).

Speci�ed values of the total nonvolatile reactant concentration in bulk liquid,

[B]T = [B]� + [C]�, and absorbed gas \loading," � = [C]�=[B]T , together with

equation (2.9), determine the bulk-liquid composition, i.e.:

[A]� =
�

Keq(1� �)
; [B]� = (1� �)[B]T ; [C]� = �[B]T (2.12)

Proceeding with the analysis, the equations are �rst simpli�ed in appearance

by introducing dimensionless variables. The advantages of this exercise are that:

1) the relevant physicochemical parameters combine to form a smaller number of

dimensionless groups, and 2) the asymptotic behavior of the system is more easily

identi�ed at extrema of certain dimensionless groups. We further simplify the anal-

ysis by neglecting gas-phase mass transfer resistance; i.e., the �rst of the boundary

conditions at x = 0 (2.11a) is reduced to [A]0 = �APA;G (Appendix A summarizes

how to solve the same problem when gas-phase mass transfer resistance is included).

13



The dimensionless variables are next de�ned as follows:

A =
[A]

�APA;G
; B =

[B]

[B]T
; C =

[C]

[B]T
; y =

x

�
(2.13)

The ODE system (2.10) is thereby transformed to the following:

d2A

dy2
=

1

�BA

d2B

dy2
= � 1

�BA�CB

d2C

dy2
= Ha2

�
AB � C

K

�
(2.14)

The dimensionless groups in (2.14) are the Hatta number, Ha = �
p
k1[B]T =DA;

equilibrium constant, K = Keq�APA;G = [C=(AB)]eq; concentration weighted dif-

fusivity ratio, �BA = DA�APA;G=(DB[B]T ); and di�usivity ratio, �CB = DC=DB.

The Hatta number may be regarded as the ratio of the intrinsic rates of chemical

reaction and molecular di�usion. When Ha � 1, small changes in k1 have negli-

gible e�ects on the absorption rate and di�usion alone essentially controls the rate

of mass transfer. With Ha values of order 1, small increases/decreases in DA or

k1 signi�cantly increase/decrease the rate of absorption, and neither rate process

predominates. With large values of Ha, reaction equilibrium is approached locally

throughout the liquid �lm, small changes in k1 have negligible e�ects and the rate

of absorption is again controlled by di�usion.

The dimensionless boundary conditions for ODEs (2.14) are:

y = 0 : A = A0 = 1;
dB

dy
=

dC

dy
= 0 (2.15a)

y = 1 : A� =
�

K(1� �)
; B� = 1� �; C� = � (2.15b)

Referring to (2.14), the number of independent ODEs may be reduced by alge-

braically combining them to eliminate the reaction terms and thereby form \di�er-

ential linkage equations," i.e.,

d2A

dy2
� 1

�BA

d2B

dy2
= 0 (2.16a)

d2B

dy2
+

1

�CB

d2C

dy2
= 0 (2.16b)
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Integrating the di�erential linkage equations twice and enforcing the bulk liquid

boundary conditions for A, B, and C, and the zero-gradient interfacial boundary

conditions for B and C, yields the following algebraic linkage equations:

A� B

�BA
= (1� y)�A;rxn +A� �

B�
�BA

(2.17a)

B +
C

�CB
= B� +

C�
�CB

(2.17b)

The system is now de�ned by equations (2.17) plus a single ODE:

d2A

dy2
= Ha2

�
AB � C

K

�
(2.18)

2.3 Asymptotic Analysis

In this simple case of a single reaction, three asymptotic enhancement factors are

related to the magnitudes of Ha and K: Ef;min ! 1 (as Ha ! 0), intermediate

Ef;1;rev (as Ha!1, �nite K), and Ef;1;irr (as Ha!1, K !1).

Letting Ha ! 0 in (2.18), integrating twice, and applying the boundary con-

ditions (2.15) for species A, we �nd that �A;rxn = �A = A0 �A� (consistent with

equations (1.1) and (1.2)). Therefore, Ef;min = 1 and absorption is purely di�usive.

The left-hand-side (LHS) of (2.18) must remain �nite in the limiting case of

instantaneous reaction (Ha!1). The reaction term in parentheses must therefore

approach zero. Accordingly, the forward and reverse reaction rates approach one

another and reaction equilibrium ultimately prevails locally throughout the liquid

�lm (consistent with Olander, 1960) i.e.:

lim
Ha!1

�
AB � C

K

�
= 0 (2.19)

Setting y = 0 in (2.17a) and solving for �A;rxn yields the following expression

for the enhancement factor (as de�ned by equation (1.3)), i.e.:

Ef;1;rev = 1� Beq
0 �B�

�BA(A0 �A�)
(2.20)
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Beq
0 denotes the dimensionless equilibrium concentration of B at the gas/liquid

interface.

In the ultimate limiting case of instantaneous, irreversible reaction (i.e., when

both Ha and K !1), species A and B di�use countercurrently to a reaction plane

where they consume one another. The reaction plane is located at the value of x

in [0; �] such that the opposing uxes of A and B are equal in magnitude. The

enhancement factor is then:

Ef;1;irr = 1 +
1

�BA
(2.21)

Thus, the maximum possible enhancement factor Ef;1;irr depends only on �BA.

The asymptotic enhancement factors obey the following inequality:

Ef;min < Ef;1;rev < Ef;1;irr (2.22)

When the reaction rate constants are �nite, the ODEs are nonlinear and, there-

fore, generally require numerical methods of analysis. The following sections (a)

review the literature on approximate analytical solutions to this and related prob-

lems, and (b) closely examine two particular approaches to linearizing equation

(2.18).

2.4 Literature on Approximate Analytical Solutions

In addition to essentially exact numerical solutions, the literature abounds with

approximate solutions to equation (2.7).

2.4.1 VKH Linearization

The �rst successful linearization scheme developed within the �lm theory framework

is credited to Van Krevelen and Hoftijzer (1948) (\VKH") who considered the case

of an irreversible bimolecular reaction with rate law r = k[A][B]. They linearized

the governing ODE (2.7) applied to dissolved gas A by �xing the concentration of
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nonvolatile component B in the reaction kinetics expression at its unknown value at

the gas-liquid interface, [B]0, i.e., DA(d2[A]=dx2) � k[A][B]0 (which we henceforth

refer to as \VKH linearization"). The solution to this linearized problem with

DA = DB and subject to the following boundary conditions:

x = 0 : [A] = [A]0;
d[B]

dx
= 0 (2.23a)

x = � : [A] = 0; [B] = [B]� (2.23b)

yields the following implicit equation in Ef :

Ef =
Ha�

tanh (Ha�)
(2.24)

where � =
p

(Ef;1;irr � Ef )=(Ef;1;irr � 1).

For 1 � Ha � 1000 and 0:001 � �BA � 0:5, de Santiago and Farina (1970)

compared Ef values determined via VKH linearization with exact values determined

via numerical analysis. They found VKH linearization to be highly accurate under

all conditions examined, with relative error magnitudes less than 3%.

Peaceman (1951) was apparently the �rst to derive a �lm theory and VKH

linearization-based expression for Ef for reversible reactions. For the case of re-

versible reaction (1.4) introduced in Section 2.2, applying VKH linearization to the

reaction term in ODE (2.18) yields the following linear ODE:

d2A

dy2
= Ha2

�
AB0 �

C0

K

�
(2.25)

where B0 and C0 represent unknown concentrations at the gas-liquid interface, which

are explicitly related by linkage equation (2.17b).

Nonhomogeneous ODE (2.25) may be solved exactly to obtain A(y) and, in

turn, the following expression for �dA=dyjy=0, the dimensionless reaction-enhanced

absorption rate:

�A;rxn = Ha
p
B0

�
A0 + g1

tanh(Ha
p
B0)
� A� + g1

sinh(Ha
p
B0)

�
(2.26)
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where, g1, the particular solution, is as follows:

g1 =
�CB
KB0

�
B0 �B� �

C�
�CB

�
(2.27)

Setting y = 0 in (2.17a) yields a second expression for the dimensionless inter-

phase ux,

�A;rxn = (A0 �A�)�
�
B0 �B�
�BA

�
(2.28)

Equating the two expressions in (2.26) and (2.28) yields a single equation which

is easily solved via trial-and-error for B0 and, in turn, the enhancement factor, i.e.,

Ef =
�A;rxn
�A

= 1� B0 �B�
�BA(A0 �A�)

(2.29)

For comparison, exact Ef values were obtained by solving the same di�erential

and algebraic equations using the numerical BVP solver, bvp5c, in MATLAB®

version 7.12 (R2011a; The MathWorks, Natick, Massachusetts). Results are shown

in Figure 2.2 for �BA varied over the range [0:01; 1] and Ha and K varied over the

range [10�2; 104].

The VKH approximation provides consistently accurate estimates of the en-

hancement factor, as gauged by relative error within the speci�ed parameter space

(see Figure 2.3), where:

Relative Error =

�
Papprox � Pnum

Pnum

�
� 100 (2.30)

P is the parameter of interest and the subscripts approx and num represent the

approximate and numerical solutions, respectively.

The largest errors, approximately 5%, are located at intermediate Ha values

such that intrinsic di�usion and reaction rates are comparable. The error pro�le is

consistent over the entire range of �BA values (see Figures 2.2 and 2.3) and behaves

similarly in the respective absorption and desorption regimes (see Figures B.1 and

B.2 in Appendix B).
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The relative errors are further reduced when, rather than the unknown constant

C0 that appears in equation (2.25), one expands the variable C in equation (2.18)

according to equation (2.31) below, which follows from linkage equations (2.17a)

and (2.17b):

C = C� � �BA�CB(A�A�) + �BA�CB(1� y)�A;rxn (2.31)

The linearized ODE is now expressed as:

d2A

dy2
�Ha2

�
B0 +

�BA�CB
K

�
A =

�BA�CB�A;rxn
K

y

�
C� + �BA�CB(A� + �A;rxn)

K
(2.32)

For the case when �BA = 1=100, the maximum relative error is reduced by an

order of magnitude, and when �BA = 1=2, the error is reduced to less than 3% (see

Figure B.3 in Appendix B).

2.4.2 Other Reported Linearizations

Hikita and Asai (1964) applied VKH linearization to the corresponding PDEs which

govern nonsteady-state penetration theory, focusing on irreversible, bimolecular re-

action aA+ bB ! P with linearized rate law r � k[A]m[B]n0 , m = n = 1, DA 6= DB,

and the following initial and boundary conditions:

t = 0; x � 0 : [A] = 0; [B] = [B]� (2.33a)

t > 0; x = 0 : [A] = [A]0;
@[B]

@x
= 0 (2.33b)

t > 0; x =1 : [A] = 0; [B] = [B]� (2.33c)

They derived the following implicit equation in Ef :

Ef =
h
Ha� +

�

8Ha�

i
erf

�
2Ha�p

�

�
+

1

2
exp

�
�4Ha2�2

�

�
(2.34)
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Figure 2.3: K versus Ha contour plots of the relative error in Ef
(based on VKH linearization) de�ned by equation (2.30). �CB =
2:25; � = 0; �BA = 0:01 (a), 0.05 (b), 0.5 (c), 1 (d).
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and compared Ef values based on equation (2.34) with those obtained via numerical

methods by Brian et al. (1961). For 0:8 � Ha � 60 and industrially relevant

di�usivity ratios, 0:25 � DB=DA � 4, the discrepancies were only a few percent.

With DB=DA = 0:05 the maximum error was 12%.

Hikita and Asai (1964) also generalized the �lm theory result (for the case when

[A]� = 0) obtained by Van Krevelen and Hoftijzer (1948) to allow for an (m;n)th

order irreversible reaction rather than the speci�c m = n = 1 case reported by VKH.

DeCoursey (1974) applied the VKH method to linearize a surface renewal model

analysis of absorption with the irreversible, second-order reaction, A + zB ! yP ,

and DA 6= DB. The linearization was carried out using an s-multiplied Laplace

transform of the time-dependent linkage equation to derive expressions for relating

[A] and [B] in terms of the actual and asymptotic enhancement factors. He thereby

obtained the following explicit equation for the enhancement factor:

Ef = � Ha2

2(Ef;1;irr � 1)
+

s
Ha4

4(Ef;1;irr � 1)2
+

Ef;1;irrHa2

(Ef;1;irr � 1)
+ 1 (2.35)

DeCoursey compared his approximate results to those calculated numerically by

Brian et al. (1961) based on penetration theory and found agreement within 14%

for 3 � Ef;1;irr � 21, 0:02 � DA=DB � 10, and 0:91 � Ha � 25:7. However,

Glasscock and Rochelle (1989) later showed that enhancement factors calculated

using penetration theory di�ered from those obtained from surface renewal theory

for �nite rate reactions. As such, it was somewhat inappropriate for DeCoursey to

compare his approximate results based on surface renewal theory with exact results

based on penetration theory.

Wellek et al. (1978) developed an explicit Ef expression (see equation (2.36)

below) for absorption and reaction with k[A][B] kinetics, i.e., the one to which

VKH �rst applied their linearization technique in 1948. Wellek et al. followed the

suggestion of Churchill and Usagi (1972) for modeling processes whose behavior
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varies smoothly between two asymptotic limits to obtain:

Ef;2 = 1 +

�
1 +

�
Ef;1;irr � 1

Ef;1 � 1

�n�1=n

(2.36)

where Ef;1 = Ha= tanh(Ha) is the enhancement factor for an irreversible �rst-order

reaction and n = 1:35, which they determined by �tting (2.36) to the numerically

calculated enhancement factors reported by de Santiago and Farina (1970). Wellek

et al. reported a relative error less than 3%; for all but one of their reported Ef

values, the error exceeds the error introduced by VKH linearization (2.24).

Onda et al. (1970a) extended Peaceman’s anaysis and the �lm theory analysis of

Hikita and Asai (1964) by applying VKH linearization to absorption with reversible

reaction aA + bB 
 eE + fF with rate r = k1[A]m[B]n � k�1[E]p[F ]q. They

calculated enhancement factors for di�erent reaction stoichiometries and kinetic

orders, and reported di�erences of less than 6% between their approximate and

numerically derived Ef values for 1 � Ha � 100.

Asai (1990) reported that the approximate Ef values of Onda et al. (1970a)

were within 14% of his own approximate (Hikita and Asai, 1964; �lm theory lin-

earization allowing for reversible reaction and [A]� 6= 0) and numerically calculated

absorption rates based on �lm theory, and greater disagreement for desorption con-

ditions. Notably, however, there is an apparent error in the derivation of Asai

(1990) for the case of reversible reaction A 
 E for which Asai reported using the

rate r = kf [A]3 � kr[E] and equilibrium constant Keq = [E]=[A]3. The equilib-

rium relationship is inconsistent with the 1:1 stoichiometry. For consistency, the

stoichiometric coe�cient for A should have been 3 and rA should have been 3r. Ac-

cordingly, the ODE for species A given by Asai (1990) is incorrect and, as a result,

his mathematical model di�ers from the one examined by Onda et al. (1970a).

Like DeCoursey (1974; see equation (2.35)) and Wellek et al. (1978; see equa-

tion (2.36)), Hogendoorn et al. (1997) developed an explicit equation for the en-

hancement factor after taking note of the similarity of Ef versus Ha pro�les for

reversible and irreversible reactions (in this case, AA + BB 
 CC + DD). In
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particular, they found that enhancement factors for reversible reactions could be

closely approximated by replacing Ef;1;irr in equation (2.35) with Ef;1;rev, which

they calculated using the following equation based on �lm theory, which had been

derived by Secor and Beutler (1967):

Ef;1;rev = 1 +
ADC

CDA

([C]0 � [C]�)

([A]0 � [A]�)
(2.37)

Furthermore, they applied the square root correction to the di�usivity ratio (Chang

and Rochelle, 1982; see the Introduction section in Chapter 1) to bring the asymp-

totic value into closer agreement with surface renewal theory.

Hogendoorn et al. (1997) report an average deviation between approximate and

numerically calculated enhancement factors of 3:3%, and that only 1:18% (26) of

the total number (2187) of simulations resulting in deviations > 20%. Notably,

they compared their estimated enhancement factors to numerically calculated values

based on penetration theory, which for the subtle reasons stated earlier, is not a

truly fair comparison, i.e., because DeCoursey (1974) derived his equation based on

surface renewal theory.

With the aim of elucidating the error pro�les, we used equation (2.35) to estimate

Ef values for absorption with reaction (1.4) with DA = DB = DC and compared

results to those calculated numerically using �lm theory. Typical Ef versus Ha

pro�les are plotted in Figure 2.4a. Relative errors are plotted in Figure 2.4b. While

the average relative error of 3:3% was small, actual errors could be much larger,

especially, in regions where the reaction transitions from slow to fast and fast to

instantaneous.

2.5 Meldon Approximation

Meldon et al. (2007) developed an alternative approximate solution to the �lm theory

ODEs governing absorption with reversible reaction, and demonstrated its accuracy

over a wide ranges of �lm thickness. Based on a linearization scheme developed
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to analyze carrier-facilitated transport in \thick" membranes (Smith et al., 1973),

it assumes small deviations from reaction equilibrium locally within the liquid �lm

(i.e., deviations from the asymptotic behavior as Ha!1). Dimensionless concen-

trations are expanded as sums of two terms, i.e.,

j(y) = j(y) + �j(y) j = A;B;C (2.38)

where j are de�ned as pseudo-equilibrium concentrations that satisfy reaction equi-

librium and integrated linkage relations; �j are then deviations from local reaction

equilibrium. In what follows, the independent variable y will be omitted for clarity.

The following simple relationships among the deviation variables were derived

by subtracting from one another the integrated linkage equations expressed in terms

of j and j, respectively:

�B = �BA�A (2.39a)

�C = ��BA�CB�A (2.39b)

Equations (2.38) are inserted into (2.18). The �rst linearization step is to retain

only those terms in the reaction rate expression which are �rst order in the deviation

variables. Equations (2.39) are then used to eliminate �B and �C. In the second

linearization step d2A=dy2 is discarded. The result is:

d2�A

dy2
= Ha2

�
�BAA+B +

�BA�CB
K

�
�A (2.40)

Equation (2.40) is thus valid when the higher-order deviation terms and d2A=dy2

are negligible. The �rst condition requires that:

(�A)2 �
�
A+

B

�BA
+
�CB
K

�
�A (2.41)

and the second requires that:

d2A

dy2
� d2�A

dy2
(2.42)
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Inequality (2.41) is satis�ed under thick-�lm conditions (Ha ! 1, �A ! 0).

However, under thin-�lm conditions (Ha ! 0, �A ! 1), it is satis�ed only when

�BA � 1 and/or K � 1. Meldon (1973) showed that d2�A=dy2 scales as 1=� and

that d2A=dy2, for which the following expression was derived from the linkage and

equilibrium relationships:

d2A

dy2
=

2�CB�3B(�BAKB)2�
�BA�CB�3 +KB2

�3�2
A;rxn

�
�3 = B� +

C�
�CB

�
(2.43)

scales as 1=�2, satisfying inequality (2.42) under thick-�lm conditions. For suf-

�ciently thin-�lms, it is not apparent whether inequality (2.42) will be satis�ed

without �rst solving the linearized problem.

Solving ODE (2.40) requires a �nal linearization, since the equilibrium concen-

trations are position-dependent; for this purpose, they are arbitrarily �xed at their

values at y = 0, i.e.:

d2�A

dy2
= �2

0�A; (2.44)

where �0 = Ha
p
�BAA0 +B0 + �BA�CB=K.

The boundary conditions for ODE (2.44) are

y = 0 : �A = �A0 = 1�A0 (2.45a)

y = 1 : �A = 0; (2.45b)

where the zero value at y = 1 follows from the equilibrium condition in the bulk

liquid.

The solution to ODE (2.44) subject to boundary conditions (2.45) is:

�A = �A0 cosh(�0y)� �A0

tanh(�0)
sinh(�0y) (2.46)

The dimensionless ux, �A;rxn, written in terms of the equilibrium and deviation

variables, is:

�A;rxn = �
�

dA

dy
+

d�A

dy

�����
y=0

(2.47)
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d�A=dy is found by di�erentiating equation (2.46) and dA=dy is found by di�er-

entiating and rearranging the equilibrium and linkage equations in terms of the

position-dependent equilibrium variables, yielding,

�A;rxn =
�A0�0

tanh(�0)

�
�BA�CB(B� + C�=�CB)

KB2
0

+ 1

�
(2.48)

Setting y = 0 in (2.17a) yields a second expression for the reaction-enhanced

ux:

�A;rxn = (A0 �A�)�
�
B0 �B�
�BA

�
(2.49)

�A;rxn is determined by equating equations (2.48) and (2.49) and searching for the

value of �A0 that satis�es the equality. The enhancement factor is calculated using

equation (2.29).

Figure 2.5 presents approximate and numerically calculated Ef versus Ha pro-

�les for select values of �BA and K; Figure 2.6 gives relative error values over the

entire Ha and K parameter space for select values of �BA. Figure 2.6 was generated

by discretizing Ha and K into 51 equally spaced grid points and calculating the

relative error between the approximate and numerical enhancement factors at each

point.

The accuracy of this approximation technique is dependent on the magnitude of

�BA. From inequality (2.41) it is clear that the deviation between approximate and

numerical Ef values will increase as �BA ! 1 (from values < 1) and as Ha ! 0

(see Figures 2.5c and 2.5d). For small values of �BA (< 1=20), the approximate and

numerical enhancement factor values are in good agreement, with relative errors less

than or equal to those obtained using the VKH approximation (see Figures 2.6a and

2.6b).

In Figures 2.6a, 2.6b, and 2.6c there are large gradients in the relative error

contours (i.e., more tightly spaced contour lines) with increasing values of Ha when

K exceeds a limiting value that decreases with increasing �BA. Close examination

reveals a range of small to intermediate Ha values in which there are three roots
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for Ef (See Figure 2.7). In this region, Ef is best approximated by the smallest of

the three roots. This produces a discontinuity in the approximate Ef curve and the

aforementioned large relative error gradient.

The magnitude of the relative error is greatest in the intermediate Ha range

and increases with increasing �BA. As �BA ! 1 (from values < 1), the approximate

solution becomes unreliable as Ha! 0 (See Figures 2.5d and 2.6d).
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Figure 2.5: Comparison of the dependence of Ef upon Ha and K
calculated using the linearization of Meldon et al. (2007) (symbols)
and numerical analysis (curves). �CB = 2:25; � = 0; �BA = 0:01
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The next chapter focuses on application of VKH linearization to the analysis of

CO2 absorption in alkaline solutions with weak acid and weak base catalysts, which,

despite the multiplicity of reactions, again requires the solution of only a single ODE

plus algebra.
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Chapter 3

Absorption of CO2 in Alkaline

Solutions with Weak Acid/Base

Catalysts of CO2 Hydration

In this chapter we develop an approximate solution to the nonlinear ODE plus al-

gebra which govern the steady-state rate of absorption of CO2 in basic solutions

containing a weak acid or base catalyst of the CO2 hydration reaction (the �rst step

in (1.5)). The reaction system is comprised of (1.5a), (1.5b) and (1.5c); plus (1.6a),

(1.6b) and (1.6c). (Combination of the reversible CO2 hydration and carbonic acid

dissociation reactions in (1.5a) is justi�ed by the essentially complete ionization of

carbonic acid at the alkaline pH in the solutions of interest here.) Despite the mul-

tiplicity of reactions, the mathematical model reduces to one ODE plus algebra. An

approximate expression for the absorption rate is derived based on the linearization

technique of Van Krevelen and Hoftijzer (1948) which was outlined in Chapter 2.

3.1 Mathematical Model Development

As noted above, the �rst step in reaction (1.5c) is the catalysis of CO2 hydrolysis

by a weak base or the conjugate base of a weak acid. The weak base catalyst

is believed to form a hydrogen bond with a water molecule, which decreases the
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O�H bond strength and thereby makes the water molecule more reactive towards

CO2 (Danckwerts and Sharma, 1966; Donaldson and Nguyen, 1980). The generally

accepted reaction pathway (Littel et al., 1990b; Rinker et al., 1995; Lin et al., 2009)

is:

CO2 +H2O +Qz�1 
 HCO�3 +Qz�1 +H+ (3.1a)

Qz�1 +H+ 
 Qz (3.1b)

Here z is the charge of the weak acid or protonated base, both of which are symbol-

ized as Q. In the case of an acid, z � 0; in the case of a base, z > 0; z = 0 denotes

the unionized compound.

Reactions (3.1a) and (3.1b) have often been summed to become:

CO2 +H2O +Qz�1 
 HCO�3 +Qz (3.2)

However, combining the two reactions misleadingly implies that all hydrogen ions re-

leased in the �rst step are bound in the second step (i.e., that Qz�1 is a strong base).

Nonetheless, we have chosen to retain the combined form and perform absorption-

rate calculations based on reported values of the forward and reverse rate constants

of reaction (3.2).

It is again assumed that chemical equilibrium prevails in the bulk liquid. The

independent equilibrium constants are de�ned as follows for reactions (1.5a), (1.6a),

(1.6b), and (1.6c):

Keq
1 =

�
[HCO�3 ][H+]

[CO2]

�eq
(3.3a)

Keq
5 = [OH�][H+] (3.3b)

Keq
7 =

[Qz�1][H+]

[Qz]
(3.3c)

Keq
8 =

[CO�2
3 ][H+]

[HCO�3 ]
(3.3d)

The equilibrium constants for reactions (1.5b) and (3.2) may be expressed as
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ratios of the equilibrium constants for reactions (1.5a) and (1.6a), and for reactions

(1.5a) and (1.6b), respectively, i.e.:

Keq
2 =

Keq
1

Keq
5

=

�
[HCO�3 ]

[CO2][OH�]

�eq
(3.4a)

Keq
4 =

Keq
1

Keq
7

=

�
[HCO�3 ][Qz]

[CO2][Qz�1]

�eq
(3.4b)

Note that Keq
1 , Keq

2 , and Keq
4 are the equilibrium constants of non-instantaneous

reactions; accordingly, equations (3.3a), (3.4a), and (3.4b) are only applicable under

equilibrium conditions.

The following rate laws are assumed to apply to reactions (1.5a), (1.5b), (3.2),

(1.6b), and (1.6c):

r1 = k1[CO2]� k�1[HCO�3 ][H+] (3.5a)

r2 = k2[CO2][OH�]� k�2[HCO�3 ] (3.5b)

r4 = k4[CO2][Qz�1]� k�4[HCO�3 ][Qz] (3.5c)

r7 = k7[Qz]� k�7[Qz�1][H+] (3.5d)

r8 = k8[HCO�1
3 ]� k�8[CO�2

3 ][H+] (3.5e)

The system of ODEs governing liquid �lm concentration pro�les and the inter-

phase ux of CO2, �CO2
= �DCO2

(d[CO2]=dx)x=0, consists of equation (2.7) applied

to CO2, HCO�3 , CO�2
3 , Qz, and Qz�1, as enumerated below. For simplicity (and

consistent with neglect of di�usion potentials), all reactive species except CO2 are

assigned one e�ective di�usivity, D�. Thus, the ODEs are as follows:

DCO2

d2[CO2]

dx2
= r1 + r2 + r4 (3.6a)

D�
d2[HCO�3 ]

dx2
= �r1 � r2 � r4 + r8 (3.6b)

D�
d2[Qz]

dx2
= r4 � r7 (3.6c)

D�
d2[Qz�1]

dx2
= �r4 + r7 (3.6d)

D�
d2[CO�2

3 ]

dx2
= �r8 (3.6e)
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subject to the following boundary conditions:

x = 0 :
d[CO2]

dx
= � kG

DCO2

�
PCO2

� [CO2]0
�CO2

�
d

dx
([HCO�3 ] + [CO�2

3 ]) = 0

d

dx
([Qz] + [Qz�1]) = 0 (3.7a)

x = � : [i] = [i]� (3.7b)

Note that the assumption of equilibrium relations (3.3c) and (3.3d) precludes in-

dependent enforcement of zero-ux boundary conditions for both HCO�3 and CO�2
3 ,

or for both Qz and Qz�1.

Summation of equations (3.6a), (3.6e), and (3.6b); and, similarly, (3.6d) and

(3.6c), eliminates reaction rates and yields the following di�erential linkage equa-

tions:

DCO2

d2[CO2]

dx2
+D�

�
d2[HCO�3 ]

dx2
+

d2[CO�2
3 ]

dx2

�
= 0 (3.8a)

d2[Qz]

dx2
+

d2[Qz�1]

dx2
= 0 (3.8b)

Integrating (3.8a) and (3.8b) twice and applying the boundary conditions at

x = 0 and x = � gives the following algebraic linkage equations:

DCO2
[CO2] +D�

�
[HCO�3 ] + [CO�2

3 ]
�

= �CO2
(� � x) +DCO2

[CO2]�

+D�
�
[HCO�3 ]� + [CO�2

3 ]�
�

(3.9a)

[Qz] + [Qz�1] = [Qz]� + [Qz�1]� (3.9b)

Once again, we neglect gas-phase mass-transfer resistance and replace the CO2

boundary condition at x = 0 (3.7a) with [CO2] = �CO2
PCO2

when evaluating equa-

tion (3.9a) at x = 0, i.e.:

�CO2;rxn =
DCO2

(�[CO2]) +D�(�[HCO�3 ] + �[CO�2
3 ])

�
(3.10)
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where �[i] = [i]0 � [i]�.

Local charge balance is expressed by the following electroneutrality equation:

[H+] + [M+] + z[Qz]� [OH�]� [HCO�3 ]� 2[CO�2
3 ] + (z � 1)[Qz�1] = 0 (3.11)

The bulk liquid composition is determined by the equilibria of all reactions and

speci�cation of the loading, de�ned as:

� =
[CO2]� + [HCO�3 ]� + [CO�2

3 ]�
[M ]T

(3.12)

where [M ]T � [M+] + [Q]T , [M+] is the speci�ed alkali metal ion concentration,

and [Q]T � [Qz]� + [Qz�1]� is the total concentration of weak acid or weak base

species in bulk liquid. Note that [Q]T is included in the de�nition of loading to

avoid division by zero when Q is a weak base and [M+] = 0 (typically, when Q is a

weak acid, [M+] > 0).

In order to declutter the mathematical analysis, the system of equations is recast

in terms of the following dimensionless variables:

A =
[CO2]

�CO2
PCO2

; B =
[HCO�3 ]

[M ]T
; C =

[CO�2
3 ]

[M ]T
;

Qz =
[Qz]

[M ]T
; Qz�1 =

[Qz�1]

[M ]T
; M =

[M+]

[M ]T
;

H =
[H+]

[M ]T
; OH =

[OH�]

[M ]T
; y =

x

�
(3.13a)
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Dimensionless equilibrium constants are then de�ned by:

K1 =
Keq

1 �CO2
PCO2

[M ]2T
=

�
BH

A

�eq
(3.14a)

K2 = Keq
2 �CO2

PCO2
=

�
B

A�OH

�eq
(3.14b)

K4 =
Keq

4 �CO2
PCO2

[M ]T
=

�
BQz

AQz�1

�eq
(3.14c)

K5 =
Keq

5

[M ]2T
= OH �H (3.14d)

K7 =
Keq

7

[M ]T
=
Qz�1H

Qz
(3.14e)

K8 =
Keq

8

[M ]T
=
CH

B
(3.14f)

It follows from dimensionless equilibrium relationships (3.14d) and (3.14f) that:

H = K8
B

C
(3.15a)

OH =
K5

K8

C

B
(3.15b)

The dimensionless version of the CO2 absorption rate given by equation (3.10)

is:

�A;rxn = (A0 �A�) +
(B0 �B�) + (C0 � C�)

�1
(3.16)

where �1 = DCO2
�CO2

PCO2
=(D�[M ]T ).

The dimensionless version of linkage equation (3.9b) is:

Qz +Qz�1 =  (3.17)

where  = [Q]T =[M ]T .

It follows from (3.14e), (3.14f), and (3.17), that:

Qz =
K8B

K7C +K8B
(3.18a)

Qz�1 =
K7C

K7C +K8B
(3.18b)
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Substituting (3.15) and (3.18) into the dimensionless version of electroneutrality

equation (3.11) and rearranging yields the following third-degree polynomial in the

dimensionless carbonate concentration:

p0C
3 + p1C

2 + p2C + p3 = 0 (3.19)

in which the coe�cients are de�ned as follows:

p0 = �K7 (K5 + 2K8B)

K8
(3.20a)

p1 = �B [K5 + 2K8B �K7 ((z � 1)�B +M)] (3.20b)

p2 = K8B
2(z +K7 �B +M) (3.20c)

p3 = K2
8B

3 (3.20d)

The mathematical model now consists of algebraic equations (3.15), (3.16),

(3.18), (3.19) and the dimensionless version of expanded ODE (3.6a), i.e.:

d2A

dy2
= Ha2

1

�
A� BH

K1

�
+Ha2

2

�
A�OH � B

K2

�
+Ha2

4

�
AQz�1 � BQz

K4

�
(3.21)

where the Hatta numbers, de�ned in terms of the liquid �lm thickness, are:

Ha1 = �

s
k1

DCO2

(3.22a)

Ha2 = �

s
k2[M ]T
DCO2

(3.22b)

Ha4 = �

s
k4[M ]T
DCO2

(3.22c)

Using equations (3.15) and (3.18) to eliminate H, OH, Qz, and Qz�1 in equation

(3.21); and �xing at their interfacial values, the dimensionless concentrations of the

remaining nonvolatile reactants, bicarbonate and carbonate, in the reaction rate
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expressions; yields the following linearized ODE:

d2A

dy2
� �2

0A = �g (3.23)

where

�0 =

s
Ha2

1 +Ha2
2

�
K5C0

K8B0

�
+Ha2

4

�
K7C0

K7C0 +K8B0

�
(3.24a)

g = Ha2
1

�
K8B

2
0

K1C0

�
+Ha2

2

�
B0

K2

�
+Ha2

4

�
K8B

2
0

K4(K7C0 +K8B0)

�
(3.24b)

ODE (3.23) is subject to the following boundary conditions:

y = 0 : A = A0 = 1 (3.25a)

y = 1 : A = A� (3.25b)

The solution is:

A(y) = C1 sinh(�0 y) + C2 cosh(�0 y) +
g

�2
0

(3.26)

where the constants of integration are:

C1 =
(A� � g=�2

0)� (A0 � g=�2
0) cosh(�0)

sinh(�0)
(3.27a)

C2 = A0 �
g

�2
0

(3.27b)

The dimensionless absorption rate is:

�A;rxn = �dA

dy

����
y=0

= �0

�
A0 � g=�2

0

tanh(�0)
� A� � g=�2

0

sinh(�0)

�
(3.28)

A trial-and-error search is undertaken to identify the value of B0 that makes the

�A;rxn values based on (3.16) and (3.28) equal. The enhancement factor may then
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be calculated as follows:

Ef = 1 +
(B0 �B�) + (C0 � C�)

�1(A0 �A�)
(3.29)

Sample calculations were performed using the published parameter values dis-

cussed in the following section.

3.2 Physicochemical Parameters

3.2.1 Reaction Rate Constants

Pinsent et al. (1956) reported the following rate constants for the CO2 hydration

reaction and reaction with hydroxide ion:

log10(k1) = 329:850� 110:541 log10(T )� 17265:4

T
(3.30a)

log10(k2) = 13:635� 2895

T
(3.30b)

where k1 and k2 have units of 1/s and L/(mol�s), respectively, and T is in K.

3.2.2 Reaction Equilibrium Constants

Temperature-dependent, in�nite dilution equilibrium constants of reactions (1.5a)

and (1.6c) were reported by Edwards et al. (1978) in units of molality (mol/kg H2O).

After converting to molarity units (mol/L) by multiplying by the density of water,

�H2O (in kg/L; note: this approximates solution densities by that of water), their

expressions for the equilibrium constants become:

Keq
1 = exp

�
�12092:1

T
� 36:7816 log(T ) + 235:482

�
�H2O (3.31a)

Keq
8 = exp

�
�12431:7

T
� 35:4819 log(T ) + 220:068

�
�H2O (3.31b)

The density of water, �H2O, was reported by Hsu and Li (1997a) as follows:

�H2O = 0:863559 + 1:21494� 10�3T � 2:57080� 10�6T 2 (3.32)
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The temperature-dependent, in�nite dilution equilibrium constant of the disso-

ciation of water (1.6a), Keq
5 [in (mol/L)2], reported by Olofsson and Hepler (1975),

is:

log (Keq
5 ) = �

�
142613:6

T
+ 4229:195 log(T )

�9:7384T + 1:29638� 10�2T 2

�1:15068� 10�5T 3 + 4:602� 10�9T 4 � 8909:483

�
(3.33)

The in�nite dilution dissociation constant of protonated methyldiethanolamine

(MDEA) (1.6b), Keq
7 (in mol/L), given by Oscarson et al. (1989), is:

Keq
7 =

�
exp

�
ln
�
108:56

�
+

16:416

R

�
1

T
� 1

298

�
� 0:062632

R
ln

�
T

298

����1

(3.34)

where ideal gas constant R = 8:314� 10�3 [in kJ/(mol�K)].

Figure 3.1 compares experimental data for Keq
1 , Keq

5 , Keq
7 , and Keq

8 with pub-

lished empirical �ts. Equations (3.31), (3.33), and (3.34) provide the best �ts over

the widest ranges of temperature.

3.2.3 Diffusion Coefficients

The di�usivity of CO2 in water, DCO2
(in m2/s), was reported by Versteeg and Van

Swaalj (1988) as:

DCO2
= 2:35� 10�6 exp

�
�2119

T

�
(3.35)

The e�ective di�usivity, D� (in m2/s), was arbitrarily set equal to that of MDEA

in water reported by Snijder et al. (1993):

D� = D0

�
�solution
�H2O

��0:6

(3.36)

where D0 (in m2/s) is the di�usivity of MDEA at in�nite dilution and �H2O and

�solution are, respectively, the temperature-dependent viscosities of water and the

MDEA solution.
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i (i = 1; 5; 7; 8) versus T . Open symbols: published

experimental data; curves: equations regressed to �t the data.
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The di�usivity at in�nite dilution is approximated using the following equation

provided by Snijder et al. (1993) for 0.009 mol/L MDEA:

D0 � 0:9526� 10�6 exp

�
�2112:9

T

�
(3.37)

The viscosity of water (�H2O = �H2O�H2O) was calculated from the following

expression for the temperature-dependent kinematic viscosity of water, �H2O (in

cSt), reported by Hsu and Li (1997b):

�H2O = exp

�
�3:28285 +

456:029

T � 154:576

�
(3.38)

The MDEA solution viscosity, �solution, was calculated from empirical density

and kinematic viscosity expressions presented by Hsu and Li (1997a,b).

3.2.4 Solubility Coefficient

The following temperature-dependent solubility coe�cient �CO2
[in mol/(m3�Pa)]

was adapted, without correction for solute concentrations, from the solubility data

for CO2 in water reported by Versteeg and Van Swaalj (1988):

�CO2
= 3:54� 10�7 exp

�
2044

T

�
(3.39)

3.3 Results and Discussion

This section compares approximate and numerical enhancement factors for a limited

selection of weak acid/base catalysts and discusses the dependence of bulk liquid

speciation on pK7 (the pK of reaction (1.6b)). A more thorough investigation of

the weak acid/base catalyst system is presented in Zhu (2016).

3.3.1 Enhancement Factors

Tertiary amines are weak bases commonly deployed for separating H2S from CO2.

This exploits the fact that reaction of H2S with a tertiary amine involves a pro-
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ton transfer, which is considered e�ectively instantaneous in the time scale of the

catalyzed CO2 hydrolysis reaction (3.2).

Benitez-Garcia et al. (1991) reported the following correlation of the forward

rate constant, k4 [L/(mol�s)] (see equation (3.5c)), with pK7 (see equation (3.3c))

at 298:15 K:

k4 = 1:60� 10�3 exp(0:983 pK7): (3.40)

Arsenious acid is an industrially applied weak-acid catalyst of CO2 hydrolysis

(Danckwerts and Sharma, 1966; Meldon et al., 1977). Danckwerts and Sharma

(1966) reported the following temperature dependence of its catalytic rate constant

as:

log10(k4) = 12:2� 2830

T
: (3.41)

Hypochlorous acid, another hydrolysis catalyst, is particularly attractive because

of its large rate constant and relatively low pK7 value (see Table 3.1), which promote

high enhancement factors in thin �lms (note that the low pK7 value favors the

catalytically active conjugate base Qz�1). However, hypochlorous acid is unstable

and corrodes most metals, which generally make it unsuitable for industrial use

(Danckwerts and Sharma, 1966). Nonetheless, it is at least of academic interest

because of its high theoretical enhancement factors under turbulent conditions.

Enhancement factors are plotted versus �lm thickness in the range 10�1 to

104 �m, which far exceeds the range of �lm thicknesses in operating industrial

absorbers and strippers. Murrieta et al. (2004) reported liquid-phase mass transfer

coe�cients, k0
L, for structured packings in the range 1 � 3:5 � 10�4 m/s. Inserting

these values into equation (1.2), together with a typical DCO2
= 1� 10�9 m2/s, the

estimated �lm thicknesses are between 3 and 10 �m. More recently, Wang et al.

(2012, 2013) reported k0
L values for both random and structured packings which

imply liquid �lm thicknesses between 12 and 125 �m.

Razi et al. (2014) compiled k0
L correlations for both random and structured

packings. Most absorption column scenarios they studied suggest k0
L values in the

0:75 � 1:5 � 10�4 m/s range, which corresponds to �lm thicknesses between 7 and
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13 �m. We conclude that industrially relevant �lm thicknesses fall between 1 and

20 �m and, therefore, highlight this range.

Calculated enhancement factors for the weak acids/bases whose k4 and pK7 val-

ues are listed in Table 3.1, are plotted as a function of �lm thickness in Figures 3.2a

and 3.3a for T = 298:15 K, PCO2
= 0:15 atm, [Q]T = 1 mol/L, and a constant CO2

partial pressure driving force across the liquid �lm. The �gures clearly show that

the tertiary amines do not signi�cantly enhance the rate of CO2 absorption (i.e.,

Ef � 1) in �lms of industrially relevant thicknesses (1 to 20 �m). This is consistent

with the aforementioned use of tertiary amine solutions to selectively absorb H2S

from mixtures containing CO2. On the other hand, because the catalytic rate con-

stants of arsenious and hypochlorous acids are 1{4 orders of magnitude larger than

those of the tertiary amines, they promote substantial enhancement factors in the

practical �lm thickness range.

Table 3.1: Weak acid/base reaction parameters at T = 298:15 K

k4 [L/(mol�s)] pK7 z

Triethylamine (TREA)� 68.6 10.8 1
Diethylethanolamine (DEEA)� 21.3 9.8 1
Methyldiethanolamine (MDEA)� 7.8 8.6 1
Triethanolamine (TEA)� 3.3 7.8 1
Arsenious acid�� 511 9.3 0
Hypochlorous acid�� � 10000 7.7 0
�Benitez-Garcia et al. (1991)
��Danckwerts and Sharma (1966)

Notably, to fully exploit the catalytic power of weak acid anions, the pH should

be su�ciently high { e.g., through the presence of alkali metal cations { to maximize

weak acid dissociation. Accordingly, in Figure 3.2a, the alkali metal ion concentra-

tion, [M+], was set at 1 mol/L in the weak acid solutions. Liquid �lm pH values

at the gas/liquid interface ranged from 8.6 (in thin �lms) to 8.1(in thick �lms) for

hypochlorous acid and from 9.5 (in thin �lms) to 8.7 (in thick �lms) for TREA. Note

that the bulk liquid pH has a constant value essentially equal to the thin-�lm inter-

face pH (e.g., TREA gives a bulk liquid pH of 9.5, and an interfacial pH in thick
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Figure 3.2: Comparison of approximate and numerically calculated
Ef values. [Q]T = 1 mol/L; [M+] = 0 (tertiary amine solutions);
[M+] = 1 mol/L (weak acid solutions). T = 298:15 K, PCO2

=
0:15 atm, A� = 0:1.
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�lms of 8.7). In Figure 3.3a, [M+] in weak acid solutions was raised to 2 mol/L,

and to 1 mol/L in weak base solutions, to adjust the liquid �lm pH. The interfacial

pH ranged from 9.5 (in thin �lms) to 8.7 (in thick �lms) with hypochlorous acid,

and from 9.8 (in thin �lms) to 9.0 (in thick �lms) with TREA.

The maximum error in VKH-based Ef values is ca. 1% (see Figures 3.2b and

3.3b) and is found in the intermediate �lm thickness range (i.e., near the point of

inection of the Ef versus � curve).

To better understand the observed behavior, equation (3.21) is rearranged as

follows:

d2A

dy2
= Ha2

1

�
A� K8

K1

B2

C

�
(1 + 1 + 2) (3.42)

where

1 =
k2[M ]T
k1

K5

K8

C

B
(3.43a)

2 =
k4[Q]T
k1

1

1 + (K8=K7)(B=C)
(3.43b)

The three multipliers, 1, 1, and 2, account for the contributions of reactions (1.5a),

(1.5b), and (1.5c), respectively, to the local rate of CO2 consumption (rate constant

values are listed in Tables 3.1 and 3.2). Under typical operating conditions, liquid-

�lm pH < 10 and 2 � 1 � 1. Therefore, reactions (1.5a) and (1.5b) contribute

negligibly to Ef . When pH > 11, 1 and 2 are comparable in magnitude and

reaction (1.5b) contributes to the enhancement factor.

Table 3.2: Rate constants for reactions (1.5a) and
(1.5b) at T = 298:15 K

Reaction rate constant Value Units

k1 2:6� 10�2 1/s
k2 8:4� 103 L/(mol�s)

Generally, however, catalyzed CO2 hydrolysis reaction (3.2) is almost entirely re-

sponsible for enhancement of the CO2 absorption rate. Needless to say, Ef increases

with the concentration of the catalytically-active species, Qz�1, which is favored by
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reaction (1.6b) when pH > pK7. Furthermore, higher pH boosts both [Qz�1] (and,

therefore, the rate of catalyzed CO2 hydration), and the equilibrium conversion of

CO2 into bicarbonate and carbonate ions. The latter e�ect is readily seen when

comparing the asymptotic Ef values in Figures 3.2a and 3.3a. The higher metal

ion concentrations in Figure 3.3a result in higher Ef values in solutions of all weak

acids and bases except hypochlorous acid and TEA.

The curious insensitivity of Ef to an increase in metal ion concentration, in the

latter two cases, is explored further in Figure 3.4a in which Ef for a 20 �m �lm of

hypochlorous acid solution is plotted as a function of [M+]. Between [M+] values

of 1 and 2 mol/L, Ef exhibits both a local maximum and a local minimum. This

can be understood by recognizing that Ef / �[HCO�3 ] + �[CO�2
3 ] (see equation

(3.29)). The two concentration di�erences (between the gas/liquid interface and

bulk liquid), and their sum, are plotted in Figure 3.4b.

The trend may be understood as follows: in the vicinity of [M+] = 1 mol/L,

concentration di�erence �[HCO�3 ] plateaus, while �[CO�2
3 ] becomes increasingly

negative due to the increasing carbonate concentration in bulk liquid. The rate

of change of �[CO�2
3 ] with increasing [M+] is greater in magnitude than that of

�[HCO�3 ], which results in a local Ef maximum. At [M+] � 1:5 mol/L, the rate

of change of �[CO�2
3 ] becomes smaller in magnitude than that of �[HCO�3 ]; this

is due in part to the increasing pH and, hence, the formation of carbonate, at the

gas/liquid interface. The rate of change of �[HCO�3 ] again dominates, which pro-

duces a local minimum followed by a monotonically increasing Ef as [M+] increases

beyond 1.5 mol/L. For [M+] < 1, pH � pK8 both at the interface and in the bulk,

resulting in negligible carbonate concentrations throughout the liquid �lm. The

complex interplay of alkalinity and absorption enhancement is explored further in

the following section.

3.3.2 Speciation

Speciation plots depict equilibrium compositions (e.g., in bulk liquid) as they vary

with CO2 partial pressure or loading. Speciation for a weak base concentration of
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1 mol/L and [M+] = 0, is plotted versus PCO2
in Figures 3.5a (for pK7 = 7:8) and

3.5b (for pK7 = 10:8).

The pH decreases as PCO2
increases, i.e., as the solution becomes increasingly

carbonated (see Figure 3.5c). When PCO2
> 10 atm, the pH curves overlap. (Note

that in this partial pressure range CO2 is no longer an ideal gas, i.e., Henry’s law

is inapplicable. Instead, there is a nonlinear relationship between solubility and

pressure, and the concentration of CO2 increases less rapidly than is indicated in

Figures 3.5a and 3.5b.)

In addition, the CO2 partial pressure at which [Qz�1] = [Qz] decreases with

increasing pK7 values and increases with [M+]. Bulk liquids with pH > pK7 have

higher concentrations of the catalytically active forms of both a weak acid and a

weak base, i.e., [Qz�1], which is reected in Figures 3.5a and 3.5b. In Figure 3.2a, the

average �lm pH values of the TEA and MDEA solutions exceed their respective pK7

values, while those of the DEEA and TREA solutions are less than their respective

pK7 values. While there is negligible absorption enhancement in thin �lms of all

four tertiary amines, this is not the case in thick �lms { e.g., between � = 1000

and 10000 �m, where Ef is apparently somewhat sensitive to pK7, regardless of the

value of catalytic rate constant k4.

MDEA exhibits the second lowest k4 of the tertiary amines (see Table 3.1), but

the largest thick-�lm Ef . TREA, on the other hand, has the largest k4, but the

lowest Ef values. This seeming contradiction is attributable to the fact that the

pH of the MDEA solution exceeds its pK7; the consequently higher concentration

of Qz�1 o�sets the smaller k4 value, resulting in larger enhancement factors than

those of TREA and DEEA.

The next chapter focuses on gas absorption with simultaneous series or parallel

reactions, for which the mathematical model reduces to two ODEs plus algebra.

57



10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

P
CO2

 (atm)

C
o

n
c
e

n
tr

a
ti
o

n
 (

m
o

l/
L

)

 

 

CO
2

HCO
3

−

CO
3

−2

Q
z−1

 

Q
z

 

loading

(a) Speciation versus PCO2
; pK7 = 7:8, [Q]T = 1 mol/L, [M+] =

0.

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

P
CO2

 (atm)

C
o

n
c
e

n
tr

a
ti
o

n
 (

m
o

l/
L

)

 

 

CO
2

HCO
3

−

CO
3

−2

Q
z−1

 

Q
z

 

loading

(b) Speciation versus PCO2
; pK7 = 10:8, [Q]T = 1 mol/L,

[M+] = 0.

58



10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

5

6

7

8

9

10

11

12

13

P
CO2

 (atm)

pH

 

 

pK
7
=10.8

pK
7
=7.8

(c) pH versus PCO2
.

Figure 3.5: Equilibrium composition versus PCO2
; (a,b) Speciation,

(c) pH.

59



Chapter 4

Absorption with Multiple

Reactions

In this chapter we apply the linearization techniques of Van Krevelen and Hoftijzer

(1948) and Meldon et al. (2007) to solve the ODEs which govern absorption of gas

A with simultaneous reversible series and parallel reactions. The rate laws for the

series reaction scheme (1.7) are:

r1 = k1[A][B]� k�1[C][D] (4.1a)

r2 = k2[C][B]� k�2[E][F ] (4.1b)

Those for the parallel reaction scheme (1.8) are:

r1 = k1[A][B]� k�1[C][D] (4.2a)

r2 = k2[A][C]� k�2[E][F ] (4.2b)

In both cases the �lm theory equations may be reduced to two nonlinear ODEs

plus algebra. In what follows, the VKH and Meldon et al. (2007) approximations

are each used to linearize rate laws (4.1) and (4.2). Closed-form solutions to the

resulting two linear ODEs plus algebra are then developed.
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4.1 Literature on Approximate Analytical Solutions

What follows is an overview of previously published linearization techniques for

estimating the absorption rate in systems with simultaneous reactions. In each of

these prior studies, the assumed reaction kinetics were simpler, limiting cases of

the second-order, reversible, series and parallel kinetics in equations (4.1) and (4.2),

many of which reduce the mathematical problem to one of solving a single ODE

plus algebra.

Teramoto et al. (1969, 1973) modeled a continuous stirred tank reactor (CSTR)

in which dissolved gas undergoes the series/parallel irreversible reactions A+B 


R, A + R 
 S. They developed approximate solutions based on �lm theory, for

the absorption rate, intermediate product yield, and reaction time. Component

A was the only volatile species. Bulk-liquid concentrations were designated by [i]�

(i = A;B;R; S). Bulk liquid was assumed to be well-mixed but reaction equilibrium

was not assumed, as was done for a packed column. Instead, the molar owrate of

A from the liquid �lm into the bulk liquid was equated with the sum of the reaction

rates at x = �, i.e.,

�DA
d[A]

dx

����
x=�

= S(r1 + r2)x=� (4.3)

where S is the ratio of the bulk-liquid volume to the surface area of the gas/liquid

interface.

In the �rst paper (Teramoto et al., 1969), local reaction rates in the liquid �lm

were linearized as r1 � k1[A][B]0 and r2 � k2[A][R]0. This simpli�ed the governing

equations to a single linear ODE for species A plus algebra. The authors compared

their estimated absorption rates and intermediate product (R) selectivities with

exact values based on numerical methods, and reported relative error magnitudes

less than 8% and 5%, respectively, for 0:5 � Ha1

�
= �
p
k1[A0]=DB

�
� 10. They

also presented experimental CSTR data for the sequential chlorination of p-cresol.

While they did not provide a quantitative comparison of experimental and theo-

retical results, their plots of experimental and calculated results were qualitatively

similar.
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In their second paper (Teramoto et al., 1973), the reaction rates were generalized

to r1 = k1[A]m[B]n, r2 = k2[A]p[R]q. The linearization technique was essentially

the same as that of Teramoto et al. (1969), only this time it was based on the

VKH method as implemented by Hikita and Asai (1964) for reactions with rate

laws with non-integer orders in [A]. The nonlinear ODE system again reduced

to a single linear ODE for [A] plus algebra. Numerical and approximate values

of intermediate product yield and reaction time were again compared. This time

the reaction orders (m;n; p; q) they considered were [(m; 1;m; 1);m = 0; 1; 2] and

[(m; 1;m; 2);m = 1; 2]. Their �gures indicated close agreement of numerical and

approximate results, especially with respect to reaction time.

Onda et al. (1970b,c) extended their earlier analysis of absorption with a single

irreversible reaction (Onda et al., 1970a) to systems involving the series/parallel

reactions AA + BB ! CC and AA + 0CC ! P , with generalized kinetics

r1 = k1[A]m[B]n, r2 = k2[C]p[A]q. VKH linearization simpli�ed the mathematical

problem from one of solving two nonlinear algebraically constrained ODEs, to one

of solving a single linear ODE plus algebra. The latter included a linkage equation

for [B] and [C], which approximated the pro�les of [B] and of [C]=[B] by second-

order polynomials in position x, satisfying B and C at x = 0, and zero loading at

x = �. For simplicity, all di�usivities were assumed equal. The authors compared

absorption rates based on their approximate and numerical solutions, as they varied

with Ha, de�ned as follows:

Ha = �

s
2

m+ 1

Ak1[A]m�1
0 [B]n�
DA

(4.4)

for the following reaction-order sets (m;n; p; q): (1; 1; 1; 1), (1; 1; 2; 1), (1; 2; 1; 1),

and (2; 1; 1; 1). There was consistently good agreement between approximate and

numerically calculated absorption rates, with a maximum relative error of 7:3% for

the (1; 1; 2; 1) case.

Taking the same VKH-inspired analytical approach, Onda et al. (1970c) consid-

ered the parallel reaction scheme, AA + BB ! P1 and AA + CC ! P2, with
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similar generalized-order kinetics, r1 = k1[A]m[B]n and r2 = k2[A]p[C]q, again as-

suming equal di�usivities and analogous values of (m;n; p; q). The authors again

reported discrepancies of no more than a few percent between absorption rates based

on their approximate and numerical analyses.

Ramachandran (1972) similarly applied �lm theory to examine absorption of gas

A with the coupled simultaneous irreversible reactions, A+C ! E and E + C ! P ,

again with A the only volatile species and zero bulk liquid loading. In one case,

the �rst reaction was assumed to be instantaneous and r2 = k2[C]m[E]n. The

instantaneous reaction assumption implied that reactants A and C annihilate one

another at a reaction plane at x = � such that the uxes of A and C are equal and

opposite. The ux of C at the reaction plane � was approximated by assuming a

linear concentration pro�le for C between the reaction plane and bulk liquid (i.e.,

� < x � �). For the case of a simple second-order reaction (m = n = 1), the author

reported agreement between his analytical solution and the numerical solution of

Brian and Beaverstock (1965).

In his second case, Ramachandran assigned both reactions �nite kinetics, i.e.,

r1 = k1[A][C]n and r2 = k2[E][C]n. Applying VKH linearization by setting C = C0

(its unknown interfacial value), the ODEs simpli�ed to the following:

DA
d2[A]

dx2
= (k1[C]n0 )[A] (4.5a)

DE
d2[E]

dx2
= �(k1[C]n0 )[A] + (k2[C]n0 )[E] (4.5b)

ODE (4.5a) may be solved analytically for [A]. The result may then be substituted

into ODE (4.5b) to derive an analytical solution for [E]. A plot of absorption rate

versus Hatta number again compared results based on Ramachandran’s approximate

solution with numerical results presented by Brian and Beaverstock (1965). For the

case of equal di�usivities, [C]�=[A]0=4, and k2=k1 = 0:1 the reported deviation was

2:8% with Ha = 7, and 5:4% with Ha = 10.

Hikita et al. (1972) considered the same series/parallel stoichiometries as Ra-

machandran (1972). However, they invokved penetration theory and assumed that
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each reaction was reversible and instantaneous. It followed that reaction equilibrium

prevailed locally throughout the liquid �lm, and their analysis was similar to that

presented earlier by Olander (1960) for a single equilibrium reaction.

Kuo and Huang (1973) used �lm theory and VKH linearization to explore the

sequential reversible reaction system, A + B 
 E 
 P , with the simple rate laws

r1 = k1[A][B]� k�1[E] and r2 = k2[E]� k�2[P ], �nite rate constants, and nonzero

bulk liquid loading. They derived a closed-form solution to the following linear

ODEs:

DA
d2[A]

dx2
= (k1[B]0)[A]� k�1[E] (4.6a)

DE
d2[E]

dx2
= �(k1[B]0)[A] + (k�1 + k2)[E]� k�2[P ] (4.6b)

DP
d2[P ]

dx2
= �k2[E] + k�2[P ] (4.6c)

and they present an analytical expression for the enhancement factor, but no com-

parison of their Ef values with those calculated numerically.

Hikita and Asai (1976) used �lm theory and VKH linearization to derive Ef

expressions for the same system as that examined earlier by Hikita et al. (1972),

except that in the 1976 paper, the �rst reaction was treated as irreversible (as

opposed to reversible and instantaneous) { i.e., A + B ! C and C + B 
 E,

with r1 = k1[A][B]. The mathematical model again reduced to one linear ODE

plus algebra. No comparison was made between results of the approximate and a

numerical solutions.

Bhattacharya and Ramachandran (1982) used �lm theory to generalize the re-

sults of Hikita et al. (1972) to allow for arbitrary equilibrium and di�usion constants.

They showed that the general expression for the enhancement factor reduced to the

one presented by Hikita et al. (1972) for the case of equal di�usivities. This was

consistent with the analysis of Chang and Rochelle (1982) which established that,

for systems involving equilibrium reactions and equal di�usivities, the �lm and pen-

etration models yield identical absorption rates.
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4.2 Series Reactions

We now apply the VKH and Meldon et al. (2007) linearizations to reversible series

and parallel reactions (1.7) and (1.8), respectively, with second-order kinetics in both

the forward and reverse directions. Approximate analytical solutions are derived

for the coupled ODEs governing both the series and parallel cases, and predicted

enhancement factors are compared with those calculated numerically.

The complete ODE system describing absorption with series reactions, A+B 


C + D (1.7a) and C + B 
 E + F (1.7b), is expressed in dimensionless form as

follows:

d2A

dy2
= Ha2

1�1 (4.7a)

d2B

dy2
= Ha2

1�BA�1 +Ha2
2�2 (4.7b)

d2C

dy2
= �Ha2

1�BA�CB�1 +Ha2
2�CB�2 (4.7c)

d2D

dy2
= �Ha2

1�BA�DB�1 (4.7d)

d2E

dy2
= �Ha2

2�EB�2 (4.7e)

d2F

dy2
= �Ha2

2�FB�2 (4.7f)

where:

A =
[A]

�APA;G
; j =

[j]

[B]T
(j = B;C;D;E; F ); y =

x

�
(4.8)

and [B]T = [B]� + [D]� + [E]�.

The dimensionless versions of kinetics expressions (4.1a) and (4.1b) are:

�1 = AB � CD

K1
(4.9a)

�2 = CB � EF

K2
(4.9b)
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and the corresponding Hatta numbers are, respectively:

Ha1 = �

s
k1[B]T
DA

(4.10a)

Ha2 = �

s
k2[B]T
DB

(4.10b)

Thus, the Hatta numbers are proportional to the square roots of the ratios

of the di�usion and forward reaction time scales; and Ha2 = �Ha1, where � =p
k2DA=k1DB. With DA=DB held constant, � is a measure of the ratio of the

intrinsic rates of the two forward reactions.

Dimensionless equilibrium constants are de�ned by:

K1 =

�
CD

AB

�eq
=
Keq

1 �APA;G
[B]T

(4.11a)

K2 =

�
EF

BC

�eq
= Keq

2 (4.11b)

The di�usivity-weighted concentration ratio was de�ned by:

�BA =
DA�APA;G
DB[B]T

(4.12)

The di�usivity ratios are:

�jB =
DB

Dj
(j = C;D;E; F ) (4.13)

The boundary conditions at y = 0 again neglect gas-phase mass-transfer resis-

tance and reect the stipulation that all reactants other than A are nonvolatile. The

boundary conditions at y = 1 are the bulk-liquid equilibrium concentrations set by

the bulk liquid loading, � = [D]�=[B]T :

y = 0 : A = 1;
dj

dy

����
y=0

= 0 (j = B;C;D;E; F ) (4.14a)

y = 1 : j = j� (j = A;B;C;D;E; F ) (4.14b)
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The dimensionless algebraic linkage equations are the following:

A+
D

�BA�DB
= (1� y)�1;rxn +A� +

D�

�BA�DB
(4.15a)

B +
D

�DB
+

E

�EB
= B� +

D�

�DB
+

E�
�EB

(4.15b)

C � �CB
�DB

D +
�CB
�EB

E = C� �
�CB
�DB

D� +
�CB
�EB

E� (4.15c)

E

�EB
� F

�FB
=

E�
�EB

� F�
�FB

(4.15d)

Thus, the system of six independent ODEs (4.7), subject to 12 boundary condi-

tions (4.14), has been reduced to di�erential mass balances for two reactants (one

of which must be (4.7a)), subject to four boundary condition (for the chosen two

reactants) plus the above four algebraic linkage equations (4.15).

It follows from linkage equation (4.15a) and the boundary conditions for reac-

tants A and D that the enhancement factor is expressible as follows:

Eseriesf = 1 +
(D0 �D�)

�BA�DB(A0 �A�)
(4.16)

where D0 is initially unknown.

4.2.1 Asymptotic Analysis

The analysis of the single reaction case in section 2.3 established that Ef;min = 1 in

the case of purely physical absorption. At the opposing limit { i.e., when reactions

(1.7a) and (1.7b) are both instantaneous { the enhancement factor attains its local

equilibrium value, i.e.:

Eseriesf;1;rev = 1 +
(Deq

0 �D�)

�BA�DB(A0 �A�)
(4.17)

where Deq
0 denotes the dimensionless, equilibrium concentration of D at the gas/liq-

uid interface.

If, on the other hand, both reactions are instantaneous and irreversible, they
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e�ectively combine as the following overall reaction:

A+ 2B ! D + E + F (4.18)

and, again following the analysis in section 2.3:

Eseriesf;1;irr = 1 +
1

2�BA
(4.19)

Comparing equations (2.21) and (4.19) we see that in the limit of instantaneous

irreversible reactions, the second series reaction, (1.7b), reduces the absorption rate

by depleting B, which would otherwise be available to react with A. The Ef versus

Ha curves in Figure 4.1 reect this. The enhancement factor space is divided into

two regions distinguished by di�erent sets of asymptotic Ef values. In Region 1,

Ef;min < Eseriesf;1;rev < Eseriesf;1;irr. In Region 2, Eseriesf;1;irr < Eseriesf;1;rev < Ef;1;irr.

Further examination of the case of serial irreversible reactions reveals that as

the forward rate constants are varied, Ef goes through a maximum within Region

2, which is delimited by the asymptotic values given by equations (2.21) and (4.19).

Thus, Figure 4.2 shows the e�ect of reaction (1.7b) on the dependence of Ef upon

Ha1 (and Ha2 [= �Ha1]), with k1 6= k2 and DA=DB held constant. For 0 < � < 1

(i.e., Ha1 > Ha2), as Ha2 ! 1 (i.e., when reaction (1.7b) becomes signi�cant), Ef

passes through a maximum, then decreases. (Note that Ef ! Eseriesf;1;irr for all � > 0

in the limit of Ha1 !1, i.e., as both reactions become instantaneous).
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sus Ha for (a) instantaneous and irreversible reaction
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Figure 4.2: Numerical �lm-theory dependence of Ef on
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unequal reaction rate constants (k1 6= k2). �BA = 1=100,
K1 !1, K2 !1, �jB = 1, and � = 0.

70



4.2.2 Modified VKH approximation

A natural extension of the VKH linearization to multi-reaction systems is to assign

constant values { namely, those prevailing at the gas/liquid interface { to the con-

centrations of nonvolatile reactants, as they appear in nonlinear reaction kinetic ex-

pressions. As in the single-reaction case, the resulting errors must vanish as Ha! 0.

This motivates development of an approximate solution to the aforementioned des-

ignated pair of nonlinear ODEs { one of which is (4.7a), and we arbitrarily designate

(4.7b) the other { which are subject to the four algebraic linkage equations (4.15);

by (i) setting j = j0 (j = B;C;D;E; F ) in the �1 and �2 terms (equations (4.9))

of equations (4.7), (ii) solving for A(y), (iii) inserting A(y) in the righthand side of

(4.7b), and (iv) solving thereby linearized (4.7b) for B(y). Note that it becomes

necessary to guess two of the �ve j0 values; the remaining three follow from linkage

equations (4.15b), (4.15c), and (4.15d). The correct guesses ensure satisfaction of

all boundary conditions.

Here we propose a modi�cation of the VKH linearization that provides a more

straightforward and less approximate approach to estimating absorption rates in

complex multi-reaction systems. It begins as before by linearizing reaction rate

terms �1 and �2 in two of the ODEs. However, in addition to mandatory (4.7a) we

now choose (4.7c) and linearize its reaction terms by �xing B, D, E and F { but

not C { at their interfacial values. This yields the following system of linear ODEs

which may be solved simultaneously for A(y) and C(y):

d2A

dy2
� b11A� b12C = 0 (4.20a)

d2C

dy2
� b21A� b22C = g (4.20b)

where b11, b12, b21, b22, and g are constants de�ned in Appendix C.
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The boundary conditions for (4.20) are:

y = 0 : A = A0 = 1;
dC

dy
= 0 (4.21a)

y = 1 : j = j� (j = A;C) (4.21b)

The general solution to the nonhomogenous system (4.20) is:

A =

4X
i=1

Zi exp(riy) +
b12g

b11b22 � b12b21
(4.22a)

C =
4X
i=1

Zi+4 exp(riy)� b11g

b11b22 � b12b21
(4.22b)

where ri are the eigenvalues (characteristic roots) of the ODE coe�cient matrix and

Zi and Zi+4 (i = 1; 2; 3; 4) are additional constants de�ned in Appendix C.

Di�erentiating equation (4.22a) and setting y = 0 yields the following expression

for the dimensionless absorption rate.

� dA

dy

����
y=0

= �
4X
i=1

Ziri (4.23)

A second expression, which follows from linkage equation (4.15a) evaluated at

y = 0 is:

�A;rxn = � dA

dy

����
y=0

= (A0 �A�) +
(D0 �D�)

�BA�DB
(4.24)

Correct estimates of B0 andD0 will ensure satisfaction of all boundary conditions

and linkage equations. Calculated enhancement factors are plotted in Figures 4.3a

and 4.4a for select � values in Regions 1 and 2, respectively. In Region 1, the

modi�ed VKH method is quite accurate over the entire Ha range; maximum relative

errors are less than 2% (see Figure 4.3b). The Ef versus Ha curves suggest an

excess of reactant B such that once the e�ects of reaction (1.7b) are realized (i.e.,

Ha2 ! 1), depletion of C, which shifts reaction (1.7a) to the right, facilitates the

absorption of additional A.

In Region 2, the modi�ed VKH method is accurate (relative error < 1%) for
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� ! 0 (i.e., Ha2 ! 0) and � � 1 (i.e., Ha2 � Ha1). For 0 < � < 1 (i.e.,

Ha1 > Ha2) it remains accurate (error < 1%) until Ha2 ! 1 and the e�ect of

reaction (1.7b) becomes substantial. The Ef versus Ha curves reect the fact that

B is the limiting reactant; as Ha2 ! 1, depletion of B by reaction (1.7b) limits

the positive e�ect of reaction (1.7a) on the absorption rate, which results in local

maxima in Ef . Then, as Ha2 continues to increase, Ef goes through local minima,

beyond which both reactions are e�ectively instantaneous and combine as the overall

reaction, A+ E + F 
 2C +D, which accelerates absorption as EF ! Eseriesf;1;rev.

The relative error trends with varying Ha1 and � in Regions 1 and 2, are sim-

ilar in shape and magnitude as K1 and K2 are varied (results not shown). When

�BA and � are varied (see Figures 4.5a and 4.5b, respectively), deviations between

approximate and numerically calculated Ef values are larger than previously seen

with Ha2(= �Ha1) < 1. For the plots presented here, relative error was calculated

over the range 1 � Ha1 � 1000 with � = 0:001 so that Ha2 � 1.

In Figure 4.5a, error versus Ha1 curves are presented for a series of �BA values

between 0.01 and 0.25. The error pro�le for each �BA pass through a minimum, the

magnitude of which increases with increasing �BA.

In Figure 4.5b, error versus Ha1 curves are shown for a series of loading values

between 0 and 0.7 (note that loading [de�ned preceding equation (4.14a)] can vary

between 0 and 1). The error pro�les for each loading pass through a minimum.

The magnitude of the minimum error increases with loading until the loading is

such (i.e., > 0:5 here) that desorption occurs; with further increase in loading, the

magnitude of the minimum error decreases.
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(a) Enhancement factor as a function of the Hatta numbers
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10
0

10
1

10
2

10
3

10
4

10
5

−1.8

−1.6

−1.4

−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

Ha
1

R
e

la
ti
v
e

 E
rr

o
r 

(%
)

 

 

β → 0

β = 0.0001

β = 0.001

β = 0.01

β ≥ 1

(b) Hatta-number dependence of deviations between Ef values
based on approximate and numerical solutions.

Figure 4.3: Comparison of enhancement factors calculated based
on modi�ed VKH approximation and numerical analysis. Series
reaction scheme; values of � (= Ha2=Ha1) in Region 1; K1 = 0:1,
K2 = 10, �BA = 1=100, �jB = 1, � = 0.
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Figure 4.4: Comparison of enhancement factors calculated based
on modi�ed VKH approximation and numerical analysis. Series
reaction scheme; values of � (= Ha2=Ha1) in Region 2; K1 = 100,
K2 = 1000, �BA = 1=100, �jB = 1, � = 0.
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4.2.3 Meldon Approximation

Application of the method of Meldon et al. (2007) to the series reaction scheme (1.7)

linearizes equations (4.7a) and (4.7b) in terms of deviation variables �j = j � j

(j = A;B;C;D;E; F ); where the j terms are de�ned to satisfy reaction equilibria,

i.e.:

K1 =
C D

AB
; K2 =

E F

C B
(4.25)

and the linkage relations, i.e.:

A+
D

�BA�DB
= (1� y)�1;rxn +AL +

DL

�BA�DB
(4.26a)

B +
D

�DB
+

E

�EB
= BL +

DL

�DB
+

EL
�EB

(4.26b)

C � �CB
�DB

D +
�CB
�EB

E = CL �
�CB
�DB

DL +
�CB
�EB

EL (4.26c)

E

�EB
� F

�FB
=

EL
�EB

� FL
�FB

(4.26d)

The following relationships among deviation variables are obtained by di�erenc-

ing equations (4.15) and (4.26):

�A+
�D

�BA�DB
= 0 (4.27a)

�B +
�D

�DB
+

�E

�EB
= 0 (4.27b)

�C � �CB
�DB

�D +
�CB
�EB

�E = 0 (4.27c)

�E

�EB
� �F

�FB
= 0 (4.27d)

The lefthand sides of equations (4.7a) and (4.7b) become (d2�j=dy2)+(d2j=dy2)

(j = A;B); as in the single-reaction case, it is assumed that (d2j=dy2)� (d2�j=dy2),

and the reaction kinetics terms in (4.9) are linearized as follows:

�1;lin =
X

j=A;B;C;D

@�1

@j

����
A;B;C;D

�j (4.28a)

�2;lin =
X

j=B;C;E;F

@�2

@j

����
B;C;E;F

�j (4.28b)
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The ODE system then reduces to:

d2�A

dy2
� a11�A� a12�B = 0 (4.29a)

d2�B

dy2
� a21�A� a22�B = 0 (4.29b)

where a11, a12, a21, and a22, which are enumerated in Appendix C, are �xed at their

values at y = 0 and, therefore, treated as constants.

The boundary conditions are:

y = 0 : �A = �A0;
d�B

dy

����
y=0

= � dB

dy

����
y=0

(4.30a)

y = 1 : �j = 0 (j = A;B) (4.30b)

The general solution to the system of two ODEs (4.29) is:

�A =

4X
i=1

Zi exp(riy) (4.31a)

�B =
4X
i=1

Zi+4 exp(riy) (4.31b)

The four eigenvalues, ri, and eight constants of integration, Zi and Zi+4 (which are

constrained to satisfy the boundary conditions), are spelled out in Appendix C.

The reaction-enhanced ux is calculated via a trial-and-error search for the value

of �A0 that equalizes the following two expressions for the dimensionless absorption

rate:

�A;rxn = �
�

d�A

dy
+

dA

dy

�����
y=0

= (A0 �A�) +
D0 �D�

�BA�DB
(4.32)

It follows from equation (4.31a) that:

d�A

dy

����
y=0

=

4X
i=1

Ziri (4.33)

The (dj=dy)jy=0 (j = A;B) terms in (4.30a) and (4.32) are derived from the

reaction equilibria (4.25) and linkage equations (4.26) (see Appendix C).
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Ef versus Ha1 curves based on this approximate analysis are compared with

results of exact numerical analysis in Figures 4.6a and 4.7a for select � values in

Regions 1 and 2, respectively. In either region, when � � 1 the deviation between

approximate and numerically calculated Ef values is less than 2% for �BA � 1

(See Figures 4.6b and 4.7b). For � ! 0, the error remains small when Ha1 < 1

and �BA � 1. As Ha1 increases, the error increases until there is a constant o�set

between approximate and numerical enhancement factors. For 0 < � < 1, again

with �BA � 1, Ef follows the pro�les calculated for � ! 0 until Ha2 ! 1, at which

point Ef begins to increase in Region 1 and approaches a maximum in Region 2.

As Ha2 !1, Ef ! Eseriesf;1;rev and the errors approach zero.

Similar error trends are observed when K1, K2, and � are varied (results not

shown). Ef versus Ha1 curves for select �BA values are plotted in Figure 4.8a and

the corresponding relative error pro�les are plotted in Figure 4.8b. Notably, as

�BA ! 1 from below, Ef deviates from the correct Ef;min of 1 as Ha1 ! 0.
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Figure 4.6: Comparison of enhancement factors based on the lin-
earization method of Meldon et al. (2007) and numerical analy-
sis. Series reaction scheme; values of � (= Ha2=Ha1) in Region 1;
K1 = 0:1, K2 = 10, �BA = 1=100, �jB = 1, � = 0.
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Figure 4.7: Comparison of enhancement factors based on the lin-
earization method of Meldon et al. (2007) and numerical analy-
sis. Series reaction scheme; values of � (= Ha2=Ha1) in Region 2;
K1 = 100, K2 = 1000, �BA = 1=100, �jB = 1, � = 0.
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Figure 4.8: Comparison of enhancement factors based on the lin-
earization method of Meldon et al. (2007) and numerical analy-
sis. Series reaction scheme; values of �BA in Region 2; � = 0:001,
K1 = 100, K2 = 1000, �jB = 1, � = 0.
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4.3 Parallel Reactions

The corresponding ODE system governing absorption with parallel reactions (1.8)

is similarly expressed in dimensionless form as follows:

d2A

dy2
= Ha2

1�1 +Ha2
2�2 (4.34a)

d2B

dy2
= Ha2

1�1 (4.34b)

d2C

dy2
= �Ha2

1�BA�CB�1 +Ha2
2�BA�CB�2 (4.34c)

d2D

dy2
= �Ha2

1�BA�DB�1 (4.34d)

d2E

dy2
= �Ha2

2�EB�2 (4.34e)

d2F

dy2
= �Ha2

2�FB�2 (4.34f)

The dimensionless versions of kinetic expressions (4.2a) and (4.2b) are:

�1 = AB � CD

K1
(4.35a)

�2 = AC � EF

K2
(4.35b)

The dimensionless variables and boundary conditions are de�ned analogously to

those for the series reaction; here [B]T = [B]� + [D]�.

The Hatta numbers have slightly di�erent de�nitions, insofar as dissolved gas A

is consumed in each of the parallel reactions (1.8)

Ha1 = �

s
k1[B]T
DA

(4.36a)

Ha2 = �

s
k2[B]T
DA

(4.36b)

The ratio of Ha2 to Ha1 is again de�ned as � = Ha2=Ha1 =
p
k2=k1.
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The enhancement factor for the parallel reaction scheme is given by:

Eparallelf = 1� B0 �B�
�BA(A0 �A�)

+
E0 � E�

�BA�EB(A0 �A�)
(4.37)

4.3.1 Asymptotic Analysis

The instantaneous, reversible enhancement factor is given by:

Eparallelf;1;rev = 1� Beq
0 �B�

�BA(A0 �A�)
+

Eeq0 � E�
�BA�EB(A0 �A�)

(4.38)

The instantaneous, irreversible enhancement factor is given by:

Eparallelf;1;irr = 1 +
2

�BA
(4.39)

where the correspondingly e�ective reaction is 2A + B ! D + E + F . The second

parallel reaction (1.8b) now always increases the absorption rate of A; accordingly,

as either Ha increases, Ef monotonically increases to its asymptotic values (see

Figure 4.9a).

4.3.2 Results and Discussion

The two linearization techniques that were applied to the series reaction case were

again applied to the parallel reaction case (see Appendix D for a detailed derivation).

Ef versus Ha1 curves based on the modi�ed VKH and the Meldon et al. (2007)

linearization schemes are compared with exact numerical results in Figures 4.9a and

4.10a, respectively. The modi�ed VKH method yields small errors over the full

range of Ha1 values as � ! 0 and when � � 1 (see Figure 4.9b). For 0 < � < 1,

errors are small until Ha2 ! 1 and the second reaction increasingly controls the

absorption rate. Relative errors then decrease as Ha2 !1 and reaction equilibrium

is approached locally throughout the liquid �lm. (i.e., Ef ! Eparallelf;1;rev). Similar

relative error behavior is observed when K1 and K2 are varied; and relative error

behavior similar to that seen in Figure 4.5 is seen when �BA and � are varied (not
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shown here).

The linearization of Meldon et al. (2007) introduces small errors over the entire

range of each Hatta number, provided that � � 1. For 0 < � < 1, errors are greatest

at intermediate Ha1. As Ha2 ! 1 and local reaction equilibrium is approached,

the errors vanish.

The next chapter focuses on linearized analysis of CO2 absorption in solutions

of primary or secondary amines and solutions of amine blends, a process of great

current interest, which is mediated by a complex parallel reaction scheme.
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Figure 4.9: Comparison of enhancement factors calculated based
on modi�ed VKH approximation and numerical analysis. Parallel
reaction scheme; K1 = 1, K2 = 100, �BA = 1=100, �jB = 1, � = 0.
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Figure 4.10: Comparison of enhancement factors based on the lin-
earization method of Meldon et al. (2007) and numerical analysis.
Parallel reaction scheme; K1 = 1, K2 = 100, �BA = 1=100, �jB = 1,
� = 0.
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Chapter 5

Analysis of Absorption of CO2

in Amine and Mixed Amine

Solutions

Accumulating evidence of greenhouse-gas-linked climate change has intensi�ed world-

wide R&D activity aimed at reducing the costs of ue-gas CO2 capture. Much of it

has focused on optimizing scrubbing with aqueous solutions of amines { in partic-

ular of late, blends of a tertiary amine with a primary or secondary amine. In this

connection, process simulation is widely recognized as a relatively inexpensive but

key component of the amine-screening toolbox.

Accordingly, in this chapter we develop an approximate solution to the nonlinear

ODEs governing the rate of absorption of CO2 in amine and mixed amine solutions;

namely, equation (2.7) applied to reactants in reactions (1.5a), (1.5b), (1.9), (1.6a),

(1.6c), (1.10), and (1.11). Fortunately, as shown here, this seemingly unwieldy sys-

tem of ODEs is reducible to two ODEs (plus algebraic equations) which are amenable

to the same Van Krevelen and Hoftijzer (1948) linearization technique as was applied

to series and parallel reaction systems in Chapter 4. Approximate and numerically

obtained enhancement factors are compared for CO2 scrubbing with aqueous solu-

tions consisting of a primary or secondary amine, e.g., monoethanolamine (MEA)
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or diethanolamine (DEA), respectively; or solutions of a blend of a primary or sec-

ondary amine with a tertiary amine, e.g., methyldiethanolamine (MDEA).

5.1 Treatment of Reaction Kinetics and Equilibria

CO2 reacts with primary and secondary amines, but not with tertiary amines, to

form carbamates. The reactions are fast and, therefore, they can be responsible

for substantial enhancement factors, even in liquid �lms as thin as those that pre-

vail under turbulent ow conditions in packed absorbers and strippers. The reac-

tion mechanism is believed to involve a short-lived zwitterion (Zw�) intermediate

(Caplow, 1968; Danckwerts, 1979), i.e.:

CO2 +R 
 Zw� (1.9a)

Zw� +Bz 
 R� +Bz+1 (1.9b)

where R denotes a primary or secondary amine, R� represents an amine carbamate,

and B is any base available to deprotonate the zwitterion (with Bz denoting the

unprotonated and Bz+1 the protonated base). Reactions (1.9a) and (1.9b) sum to

the following overall reaction:

CO2 +R+Bz
i 
 R� +Bz+1

i (5.1)

Tertiary amine (R3)-catalyzed CO2 hydrolysis (3.2) is expressed here as follows:

CO2 +H2O +R3 
 HCO�3 +R+
3 (1.9c)

where R+
3 is the protonated conjugate acid of the weak base, R3.

As usual, it is assumed that overall reaction equilibrium prevails in the bulk

liquid. The equilibrium constants for which empirical correlations are available in

the open literature are those of reactions (1.5a), (1.6a), (1.10a), (1.10b), (1.6c), and
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(1.11), i.e.:

Keq
1 =

�
[HCO�3 ][H+]

[CO2]

�eq
(5.2a)

Keq
5 = [OH�][H+] (5.2b)

Keq
6 =

[R][H+]

[R+]
(5.2c)

Keq
7 =

[R3][H+]

[R+
3 ]

(5.2d)

Keq
8 =

[CO�2
3 ][H+]

[HCO�3 ]
(5.2e)

Keq
carb =

�
[R][HCO�3 ]

[R�]

�eq
(5.2f)

Equilibrium constants for reactions (1.5b), (1.9c), and (5.1) may be calculated

from the available equilibrium constants as follows:

Keq
2 =

�
[HCO�3 ]

[CO2][OH�]

�eq
=
Keq

1

Keq
5

(5.3a)

Keq
4 =

�
[HCO�3 ][R+

3 ]

[CO2][R3]

�eq
=
Keq

1

Keq
7

(5.3b)

Keq
3;i =

�
[R�][Bz+1

i ]

[CO2][R][Bz
i ]

�eq
=

Keq
1

Keq
carbK

eq
i

(5.3c)

In the sample results below, we allowed for zwitterion deprotonation by the pri-

mary or secondary amine, the tertiary amine, and water. The overall carbamate

equilibrium constants when the zwitterion is deprotonated by the primary or sec-

ondary and tertiary amines are:

Keq
3;R =

�
[R�][R+]

[CO2][R]2

�eq
=

Keq
1

Keq
carbK

eq
6

(5.4a)

Keq
3;R3

=

�
[R�][R+

3 ]

[CO2][R][R3]

�eq
=

Keq
1

Keq
carbK

eq
7

(5.4b)

For consistency with reactions (1.6c), (1.10a), and (1.10b), when water is the

deprotonating base, reaction (1.9b) is rewritten as:

Zw� 
 R� +H+ (5.5)
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Reactions (1.9a) and (5.5) then sum to the following overall reaction:

CO2 +R 
 R� +H+ (5.6)

with the following equilibrium constant:

Keq
3;H2O

=

�
[R�][H+]

[CO2][R]

�eq
=

Keq
1

Keq
carb

(5.7)

The following simple rate laws apply to reactions (1.5a), (1.5b), (1.9c), (1.10a),

(1.10b), and (1.11):

r1 = k1[CO2]� k�1[HCO�3 ][H+] (5.8a)

r2 = k2[CO2][OH�]� k�2[HCO�3 ] (5.8b)

r4 = k4[CO2][R3]� k�4[HCO�3 ][R+
3 ] (5.8c)

r6 = k6[R+]� k�6[R][H+] (5.8d)

r7 = k7[R+
3 ]� k�7[R3][H+] (5.8e)

r8 = k8[HCO�1
3 ]� k�8[CO�2

3 ][H+] (5.8f)

Rate laws for the zwitterion reaction mechanism, (1.9a) and (1.9b), are the

following:

r3a = k3a[CO2][R]� k�3a[Zw
�] (5.9a)

r3b;i = k3b;i[Zw
�][Bz

i ]� k�3b;i[R
�][Bz+1

i ] (5.9b)

Assuming that the short-lived zwitterion intermediate attains a pseudo-state con-

centration, it follows that RZw� =
P
r3b;i � r3a = 0; elimination of [Zw�] then

yields the following rate law for reaction (5.1):

r3 =

[CO2][R]�
�P

(k3;i=K
eq
3;i)[B

z+1
i ]P

k3;i[Bz
i ]

�
[R�]

1
k3a

+ 1P
k3;i[Bz

i ]

(5.10)
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where k3;i = k3ak3b;i=k�3a (i = R;R3).

The rate law for zwitterion deprotonation by water (5.5) is given by: r3b;H2O =

k03b;H2O
[Zw�]� k�3b;H2O[R�][H+] where k03b;H2O

includes the concentration of water

(i.e., k3;H2O = (k3ak3b;H2O=k�3a)[H2O]�). Here we assume the concentration of water

to be constant within the liquid �lm and equal to its value in the bulk liquid.

5.2 Differential Mass Balances

The system of ODEs governing liquid �lm concentration pro�les and the interphase

ux of CO2, �CO2
= �DCO2

(d[CO2]=dx)x=0, again consists of equation (2.7) applied

to all reactants. As before, for simplicity (and consistent with neglect of di�usion

potentials), all reactive species except CO2 are assigned one e�ective di�usivity, D�.

Thus, the relevant di�erential mass balances are as follows:

DCO2

d2[CO2]

dx2
= r1 + r2 + r3 + r4 (5.11a)

D�
d2[HCO�3 ]

dx2
= �r1 � r2 � r4 + r8 (5.11b)

D�
d2[R]

dx2
= 2r3 � r6 (5.11c)

D�
d2[R+]

dx2
= �r3 + r6 (5.11d)

D�
d2[R�]

dx2
= �r3 (5.11e)

D�
d2[R3]

dx2
= r4 � r7 (5.11f)

D�
d2[R+

3 ]

dx2
= �r4 + r7 (5.11g)

D�
d2[CO�2

3 ]

dx2
= �r8 (5.11h)
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subject to the following boundary conditions:

x = 0 :
d[CO2]

dx
= � kG

DCO2

�
PCO2 �

[CO2]0
�CO2

�
d[R�]

dx
= 0

d2

dx2
([HCO�3 ] + [CO�2

3 ]) = 0

d2

dx2
([R] + [R+]) = 0

d2

dx2
([R3] + [R+

3 ]) = 0 (5.12a)

x = � : [i] = [i]� (5.12b)

Summation of equations (5.11a), (5.11b), (5.11e), and (5.11h); equations (5.11c),

(5.11d), and (5.11e); and equations (5.11f) and (5.11g), eliminates the reaction rates

and yields the following di�erential linkage equations:

DCO2

d2[CO2]

dx2
+D�

�
d2[HCO�3 ]

dx2
+

d2[CO�2
3 ]

dx2
+

d2[R�]

dx2

�
= 0 (5.13a)

d2[R]

dx2
+

d2[R+]

dx2
+

d2[R�]

dx2
= 0 (5.13b)

d2[R3]

dx2
+

d2[R+
3 ]

dx2
= 0 (5.13c)

Integrating (5.13a), (5.13b), and (5.13c) twice and applying boundary condition

(5.12a) after the �rst integration and (5.12b) after the second, yields the following

algebraic linkage equations:

DCO2
[CO2]

+D�
�
[HCO�3 ] + [CO�2

3 ] + [R�]
�

= �CO2(� � x) +DCO2 [CO2]�

+ D�
�
[HCO�3 ]� + [CO�2

3 ]� + [R�]�
�
(5.14a)

[R] + [R+] + [R�] = [R]� + [R+]� + [R�]� (5.14b)

[R3] + [R+
3 ] = [R3]� + [R+

3 ]� (5.14c)

As before, we neglect gas-phase mass-transfer resistance and replace the CO2
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boundary condition at x = 0 (5.12a) with [CO2] = �CO2
PCO2

. Thus, setting x = 0

in (5.14a) yields the following expression for the reaction enhanced CO2 absorption

rate:

�CO2;rxn =
DCO2

(�[CO2]) +D�(�[HCO�3 ] + �[CO�2
3 ] + �[R�])

�
(5.15)

where �[i] = [i]0 � [i]�.

Local charge balance is expressed by the following electroneutrality equation:

[H+] + [R+] + [R+
3 ] + [M+] = [OH�] + [HCO�3 ] + 2[CO�2

3 ] + [R�] (5.16)

The bulk liquid composition is again determined by the equilibria of all reactions

and speci�cation of the loading, de�ned here as:

� =
[CO2]� + [HCO�3 ]� + [CO�2

3 ]� + [R�]�
[Am]T

(5.17)

where:

[Am]T � [R]T + [R3]T (5.18a)

[R]T � [R]� + [R+]� + [R�]� (5.18b)

[R3]T � [R3]� + [R+
3 ]� (5.18c)

As before, to unclutter the mathematical analysis, the system of equations is

recast in terms of the following dimensionless variables:

A =
[CO2]

�CO2PCO2

; B =
[HCO�3 ]

[Am]T
; C =

[CO�2
3 ]

[Am]T
;

H =
[H+]

[Am]T
; OH =

[OH�]

[Am]T
;

R =
[R]

[R]T
; R+ =

[R+]

[R]T
; R� =

[R�]

[R]T
;

R3 =
[R3]

[R3]T
; R+

3 =
[R+

3 ]

[R3]T
; y =

x

�
(5.19)
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Dimensionless equilibrium constants are then de�ned by:

K1 =
Keq

1 �CO2
PCO2

[Am]2T
=

�
BH

A

�eq
(5.20a)

K2 = Keq
2 �CO2

PCO2
=

�
B

A�OH

�eq
(5.20b)

K3;R = Keq
3;R�CO2

PCO2
=

�
R�R+

AR2

�eq
(5.20c)

K3;R3
= Keq

3;R3
�CO2

PCO2
=

�
R�R+

3

ARR3

�eq
(5.20d)

K3;H2O =
Keq

3;H2O
�CO2

PCO2

[Am]T
=

�
R�H+

AR

�eq
(5.20e)

K4 =
Keq

4 �CO2
PCO2

[Am]T
=

�
BR+

3

AR3

�eq
(5.20f)

K5 =
Keq

5

[Am]2T
= OH �H (5.20g)

K6 =
Keq

6

[Am]T
=
RH

R+
(5.20h)

K7 =
Keq

7

[Am]T
=
R3H

R+
3

(5.20i)

K8 =
Keq

8

[Am]T
=
CH

B
(5.20j)

It follows from (5.20g), (5.20h), and (5.20j) that:

H = K6
R+

R
(5.21a)

OH =
K5

K6

R

R+
(5.21b)

C =
K8

K6

BR

R+
(5.21c)

The dimensionless reaction-enhanced CO2 absorption rate is:

�A;rxn = (A0 �A�) +
(B0 �B�) + (C0 � C�)

�1
+
R�0 �R

�
�

�2
(5.22)

where �1 = DCO2
�CO2

PCO2
=(D�[Am]T ) and �2 = DCO2

�CO2
PCO2

=(D�[R]T ).
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The dimensionless versions of linkage equations (5.14b) and (5.14c) are:

R+R+ +R� = 1 (5.23a)

R3 +R+
3 = 1 (5.23b)

It follows from dimensionless linkage equation (5.23b) and reaction equilibria

(5.20h) and (5.20i) that:

R3 =
R

R+ �R+
(5.24a)

R+
3 =

�R+

R+ �R+
(5.24b)

where � = Keq
6 =K

eq
7 = K6=K7.

Substitution of (5.21) and (5.24) into the dimensionless version of the electroneu-

trality equation (5.16) yields the following expression for the dimensionless bicar-

bonate concentration in terms of the dimensionless primary or secondary amine

concentrations (R, R+, and R�):

B =
n1 � [R]TR

�

d1
(5.25)

where

n1 = [Am]T

�
K6R

+

R
� K5

K6

R

R+

�
+ [R]TR

+ +
[R3]T�R

+

R+ �R+
+ [M+] (5.26a)

d1 = [Am]T

�
1 +

2K8

K6

R

R+

�
(5.26b)

The mathematical model now consists of algebraic equations (5.21), (5.24),

(5.25), and the dimensionless versions of ODEs (5.11a) and (5.11e), i.e.:

d2A

dy2
= Ha2

1�1 +Ha2
2�2 +Ha2

3�3 +Ha2
4�4 (5.27a)

d2R�

dy2
= �Ha2

3�2�3 (5.27b)
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where the Hatta numbers, expressed in terms of the liquid �lm thickness, are:

Ha1 = �

s
k1

DCO2

(5.28a)

Ha2 = �

s
k2[Am]T
DCO2

(5.28b)

Ha3 = �

s
k3[R]T
DCO2

(5.28c)

Ha4 = �

s
k4[R3]T
DCO2

(5.28d)

and the dimensionless reaction rates are:

�1 = A� BH

K1
(5.29a)

�2 = A�OH � B

K2
(5.29b)

�3 =
AR�

h
(H2O=K3;H2O)H+(R=K3;R)R++(R3=K3;R3 )R+

3
H2O+RR+R3R3

i
R�

1 + 1
H2O+RR+R3R3

(5.29c)

�4 = AR3 �
BR+

3

K4
(5.29d)

where the dimensionless zwitterion deprotonation terms in equation (5.29c) are:

H2O =
k3;H2O[H2O]�

k3a
(5.30a)

R =
k3;R[R]T
k3a

(5.30b)

R3
=
k3;R3

[R3]T
k3a

(5.30c)

Following the VKH linearization procedure laid out in Chapter 4, equations

(5.21a), (5.21b), (5.24), and (5.25) are inserted in the dimensionless reaction rate

terms, �i (i = 1; 2; 3; 4), on the righthand sides of ODEs (5.27a) and (5.27b), which
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thereby become expressible as follows:

d2A

dy2
� b11A� b12R

� = g (5.31a)

d2R�

dy2
� b21A� b22R

� = 0; (5.31b)

b11, b12, b21, b22, and g (see Appendix E) are functions of R and R+; the boundary

conditions are:

y = 0 : A = A0 = 1
dR�

dy
= 0 (5.32a)

y = 1 : A = A� R� = R�� (5.32b)

Thus, �xing R and R+ at their interfacial values, R0 and R+
0 , linearizes equa-

tions (5.31a) and (5.31b), and gives rise to the following general solution:

A =

4X
i=1

Zi exp(riy)� b22g

b11b22 � b12b21
(5.33a)

R� =
4X
i=1

Zi+4 exp(riy) +
b21g

b11b22 � b12b21
(5.33b)

where ri are the eigenvalues of the ODE coe�cient matrix and Zi and Zi+4 are

determined by the boundary conditions (see Appendix E).

Di�erentiation of equation (5.33a) and setting y = 0 yields the following analyt-

ical expression for the dimensionless absorption rate:

�A;rxn = � dA

dy

����
y=0

= �
4X
i=1

Ziri (5.34)

The reaction-enhanced ux is calculated, as in Chapter 4, by searching for the

values of R0 and R+
0 that lead to satisfaction of all boundary conditions (5.32), and

equality of the �A;rxn values calculated based on equations (5.22) and (5.34).

The enhancement factor may then be calculated as follows:

Ef = 1 +
(B0 �B�) + (C0 � C�)

�1(A0 �A�)
+

(R�0 �R
�
� )

�2(A0 �A�)
(5.35)
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Sample calculations were performed based on published parameters for MEA,

DEA, and MDEA, which are discussed in the following section. Note that some of

the parameters were already introduced in section 3.2.

5.3 Physicochemical Parameters

5.3.1 Reaction Rate Constants

Forward rate constants k1 and k2, of reactions (1.5a) and (1.5b), are given by equa-

tions (3.30a) and (3.30b), respectively. The forward rate constant for the catalytic

hydrolysis of CO2 by MDEA is given by the following Arrhenius equation reported

by Lin et al. (2009):

k4 = 4:5223� 108 exp

�
�5411:85

T

�
(5.36)

where k4 has units of [L/(mol�s)] and T has units of K.

Lin et al. (2009) reported the following Arrhenius equation for DEA’s zwitterion

formation rate constants, kDEA (k3a in equation (5.10)) [in L/(mol�s)]:

kDEA = 1:8358� 106 exp

�
�1810:13

T

�
(5.37)

In its reaction with CO2, DEA’s apparent kinetic order is between 1 and 2

(Danckwerts, 1979; Versteeg and Swaaij, 1988). The non-integer order is expli-

cable in terms of the zwitterion mechanism of carbamate formation discussed in

Section 5.1. Littel et al. (1992a,b) and Lin et al. (2009) have shown that DEA,

MDEA, and water are among the bases that can deprotonate the zwitterion via

reaction (1.9b). Lin et al. (2009) reported the following zwitterion deprotonation
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rate constants, k3;i [in L2/(mol2�s)]:

k3;H2O = 2:6270� 103 exp

�
�2226:60

T

�
(5.38a)

k3;DEA = 2:8973� 108 exp

�
�3689:31

T

�
(5.38b)

k3;MDEA = 7:4759� 109 exp

�
�4538:40

T

�
(5.38c)

In contrast with DEA, the reaction of MEA with CO2 is �rst order with respect

to MEA, which implies that zwitterion formation (5.9a) is the rate-limiting step

in MEA carbamate formation (Danckwerts, 1979; Versteeg and Swaaij, 1988), i.e.,

in the denominator of equation (5.10) 1=k3a � 1=(
P
k3;i[B

z
i ]). With the further

assumption that MEA is the predominant base deprotonating the zwitterion (Littel

et al., 1992b), rate law (5.10) reduces to:

r3 = kMEA

 
[CO2][R]� [R�][R+]

Keq
3;MEA

[R]

!
(5.39)

The following Arrhenius equation for kMEA, which Edali et al. (2009) determined

in kinetics experiments with MEA/MDEA blends, is in good agreement with the

experimental rate constant data for MEA reported by Littel et al. (1992b):

kMEA = 5:127� 108 exp

�
3373:8

T

�
(5.40)

5.3.2 Equilibrium Constants

Temperature-dependent in�nite-dilution equilibrium constants Keq
1 , Keq

5 , Keq
7 , and

Keq
8 are estimated using equations (3.31a), (3.33), (3.34), and (3.31b). Equilibrium

constants Keq
6 and Keq

carb for reactions (1.10a) and (1.11), respectively, are estimated

using the following correlation reported by Kent and Eisenberg (1976):

Ki = exp

�
Ai +

Bi
1:8T

�
(i = 6; carb) (5.41)
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where T has units of K and the parameters, Ai and Bi, for MEA and DEA are listed

in Table 5.1.

Table 5.1: Equilibrium constant parameters for
equation (5.41) reported by Kent and Eisenberg
(1976)

Equilibrium
Constant Ai Bi Species Units

K6 -3.3636 -10532 MEA mol/L
K6 -2.5510 -10174 DEA mol/L
Kcarb 6.69425 -5563.49 MEA mol/L
Kcarb 4.8255 -3392.6 DEA mol/L

Kent and Eisenberg (1976) developed their correlations using archived vapor/liq-

uid equilibrium data for MEA and DEA. Therefore, equilibrium constants esti-

mated based on equation (5.41) implicitly account for solution nonidealities. In Fig-

ures 5.1 and 5.2, speciation curves for MEA (Figure 5.1a) and DEA (Figure 5.1b)

and MEA/MDEA (Figure 5.2a) and DEA/MDEA (Figure 5.2b) blends calculated

based on Kent and Eisenberg’s temperature-dependent concentration-based equilib-

rium constants, are compared to published speciation data calculated based on the

electrolyte-NRTL activity coe�cient model for single amines (Austgen et al., 1989)

and amine blends (Austgen et al., 1991).

There is less agreement between speciation curves for solutions of the amine

blends than for solutions of the individual amines, as seen in Figures 5.2a and 5.2b.

This is likely due to solution nonidealities not accounted for in the concentration-

based equilibrium constants at in�nite dilution (i.e., Keq
1 , Keq

5 , Keq
7 , and Keq

8 ), and

the fact that the pooled data regressed by Kent and Eisenberg (1976) did not include

equilibrium data for solutions containing MDEA. Note that at loadings greater than

ca. 0.5, the concentration of the amine carbamate species (R�) begins to decrease

as it undergoes hydrolysis reaction (1.11).
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(a) Species mole fraction versus loading (5.17) for 2.5 mol/L
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(b) Species mole fraction versus loading (5.17) for 2 mol/L DEA.
T = 313:15 K.

Figure 5.1: Comparison of speciation data calculated based
on concentration-based (curves; Kent and Eisenberg, 1976) and
electrolyte-NRTL (symbols; Austgen et al., 1989) equilibrium con-
stants.
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(a) Species mole fraction versus loading (5.17) for a 1 mol/L
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Figure 5.2: Comparison of speciation data calculated based
on concentration-based (curves; Kent and Eisenberg, 1976) and
electrolyte-NRTL (symbols; Austgen et al., 1991) equilibrium con-
stants.
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5.3.3 Diffusion Coefficients

The di�usivity of CO2, DCO2
, in DEA and DEA/MDEA blends was estimated using

the N2O analogy (Laddha et al., 1981; Versteeg and Van Swaalj, 1988), i.e.:

DCO2;amine = DN2O;amine
DCO2;H2O

DN2O;H2O

(5.42)

where the di�usivity of CO2 in water, DCO2;H2O, was estimated using equation (3.35)

and that of N2O in water, DN2O;H2O (in m2/s), was reported as a function of absolute

temperature (in K) by Versteeg and Van Swaalj (1988), is:

DN2O;H2O = 5:07� 10�6 exp

�
�2371

T

�
(5.43)

In addition, Ashour et al. (1997) presented the following modi�ed Stokes-Einstein

correlation for the di�usivity of N2O (in m2/s) in solutions of DEA and DEA/MDEA

blends:

DN2O;amine = 6:2� 10�12 T

�0:84
(5.44)

where �, the solution viscosity (in cP), was estimated from the amine and amine

blend density and kinematic viscosity correlations reported by Hsu and Li (1997a,b).

Equation (5.44) was used to estimate DN2O;amine in MEA and MEA/MDEA blends

using the viscosity correlations of Hsu and Li (1997a,b).

The e�ective di�usivity used in Ef calculations, D�, was again taken as that of

MDEA in water, as discussed in Section 3.2.3.

5.3.4 Solubility Coefficients

Rinker and Sandall (1996) presented data which indicate that the solubility of N2O

in solutions of DEA, MDEA, and DEA/MDEA blends is relatively independent of

the nature and composition of the amine(s). It is, therefore, assumed here that

the solubility of N2O in solutions of DEA and DEA/MDEA blends is equal to its

solubility in solutions of MDEA.

The solubility of N2O in MDEA solutions, �N2O [in mol/(m3�Pa)], was estimated
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based on a model developed by Wang et al. (1992). The corresponding CO2 solubil-

ity, �CO2
, was again estimated using the N2O analogy (Laddha et al., 1981; Versteeg

and Van Swaalj, 1988):

�CO2;amine = �N2O;amine
�CO2;H2O

�N2O;H2O

(5.45)

where �CO2;H2O is the solubility of CO2 in water given by equation (3.39) and

�N2O;H2O [in mol/(m3�Pa)] is that of N2O in water reported by Versteeg and Van

Swaalj (1988):

�N2O;H2O = 1:17� 10�7 exp

�
2284

T

�
(5.46)

For purposes of comparing approximate and numerically calculated Ef values, it

was assumed that the solubility of N2O in MEA and MEA/MDEA blend solutions

behaved analogously to its solubility in MDEA.

5.4 Model Validation

The linearized model was validated by calculating enhancement factors for the

DEA/MDEA system, which is characterized by the most complex kinetics among

the amine systems examined here (i.e., zwitterion deprotonation by three bases:

water, DEA, and MDEA). Approximate and numerically calculated Ef values were

compared over the �lm thickness range of 1 to 100 �m (which includes the typical

range under industrial operating conditions, 1 to 20 �m), at widely ranging temper-

atures, metal ion concentrations, total amine concentrations, bulk-gas CO2 partial

pressures (PCO2
) and bulk-liquid equilibrium CO2 partial pressures or, equivalently,

bulk-liquid CO2 loadings. Accompanying error plots show the relative magnitudes

of deviations between Ef values based on the approximate and numerical solutions.

The base case operating conditions were chosen as follows: T = 313:15 K, PCO2
=

0:15 atm, [R]T = [DEA]T = 1 mol/L, and [R3]T = [MDEA]T = 3 mol/L. pK

values at these conditions are listed in Table 5.2.
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Table 5.2: Base-case pK values

pK Reaction

pK1 6.3 1.5a
pK5 13.5 1.6a
pK6 8.9 1.10a
pK7 8.3 1.10b
pK8 10.2 1.6c

5.4.1 Dependence on Temperature

Figure 5.3a illustrates the dependence of Ef upon �lm thickness at three di�erent

temperatures. Relative errors, which are plotted in Figure 5.3b, are less than 0:5%

for �lm thicknesses between 1 and 20 �m.

Increasing temperature increases liquid-phase di�usivities and reaction rate con-

stants. Increasing DCO2
has a negative e�ect on Ef while increasing D� has a

positive e�ect (see Equation (5.35)). Changes in the equilibrium and kinetic con-

stants with increasing T increase the rate of CO2 reaction, and, thus its absorption

rate. This more than o�sets the negative e�ects of increasing DCO2
and leads to

larger Ef values.
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5.4.2 Dependence on Bulk Gas CO2 Partial Pressure

Figure 5.4a shows Ef versus � curves at a series of gas-phase CO2 partial pressures,

with a �xed value of A� { i.e., of the ratio of the CO2 partial pressures in bulk gas and

in equilibrium with bulk liquid. For any and all �lm thicknesses, Ef decreases with

increasing PCO2
. According to equation (5.35) this must reect the fact that as PCO2

increases, there is a monotonic decrease in the ratio of the trans-�lm di�erences in

(i) the sum of the concentrations of bicarbonate, carbonate and carbamate ions, and

(ii) equilibrium CO2 partial pressure. Viewed from a somewhat di�erent perspective,

in �lms su�ciently thick for reaction equilibrium to essentially prevail locally, the

monotonic decrease in Ef with PCO2
reects the downward concavity (i.e., steadily

decreasing slope) of a plot of equilibrium loading vs. PCO2
. Departures from local

reaction equilibrium { which increase as � decreases { apparently do not reverse the

the monotonic decrease in Ef with increasing PCO2
.

Relative error pro�les are plotted in Figure 5.4b. As PCO2
increases, the mag-

nitude of the relative error increases and passes through a local maximum (which,

for the chosen partial pressures is less than 1:5%) between 0 and 20 �m. This trend

follows the behavior illustrated in Figure 4.5a, albeit for a somewhat di�erent, series

reaction scheme. There, the magnitude of the relative error passes through a local

minimum that increases in magnitude and shifts towards smaller �lm thicknesses

with increasing values of the concentration weighted di�usivity ratio, �BA. Here,

�1 = 0:009 and �2 = 0:04 when PCO2
= 1 atm.
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5.4.3 Dependence on Alkali Metal Ion Concentration

Figure 5.5a presents Ef versus � curves for [M+] = 0, 1 and 2 mol/L. Relative error

pro�les plotted in Figure 5.5b indicate less than 0:5% error with �lm thicknesses

between 1 and 20 �m. With thicker �lms, the relative error increases with alkalinity.

Figure 5.5a shows Ef decreasing with increasing [M+]. To investigate the basis

for this trend, Ef is broken down into contributions from speci�c CO2 carriers

(carbonate + bicarbonate, and carbamate) as suggested by equation (5.35), i.e.:

Ef;B+C =
�B + �C

�1�A
(5.47a)

Ef;R� =
�R�

�2�A
(5.47b)

Ef;DCO2
= 1 (5.47c)

and plotted in Figure 5.6a as a function of [M+], with � �xed at 20 �m. Ef;B+C

denotes the net contribution of bicarbonate plus carbonate, Ef;R� is carbamate’s

contribution, and Ef;DCO2
represents physical di�usion of CO2 across the liquid �lm.

Carbamate is the main contributor to the overall enhancement factor, which { per-

haps counterintuitively { decreases with increasing [M+]. The apparent explanation

is given in the next paragraph.

The pH values at the interface and bulk liquid (see Figure 5.6b) exceed pK6 and

pK7; accordingly, the free amines, DEA and MDEA, as opposed to the protonated

amines, are favored in reactions (1.10a) and (1.10b), respectively. Increasing [M+]

favors carbamate production via zwitterion deprotonation. The fact that the en-

hancement factor peaks in the region where pH � pK6 suggests that bu�ering due

to reaction (1.10a) promotes rapid CO2 absorption. The same behavior is observed

with unblended DEA solutions (See Figure E.1 in Appendix E), in which case Ef

(and Ef;R�) passes through a local maximum as the increasing [M+] elevates the

liquid-�lm pH. The maximum coincides with a metal ion concentration that makes

the pH approximately equal to pK6.
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5.4.4 Dependence on Total DEA and MDEA Concentrations

Increasing either the DEA concentration (Figure 5.7a) or the MDEA concentration

(Figure 5.8a) in DEA/MDEA blends invariably increases Ef by increasing the car-

bamate concentration gradient. Deviations between approximate and numerically

calculated Ef values, presented in Figures 5.7b and 5.8b, are less than 1% in liquid

�lms up to 20 microns thick and less than 2:5% when the thickness increases to 100

microns.

5.4.5 Dependence on Equlibrium CO2 Partial Pressure Ratio and

Loading

Figure 5.9a presents Ef vs. � curves for DEA/MDEA blends, with several values of

A�, i.e., the ratio of the equilibrium CO2 partial pressures in bulk liquid and bulk

gas. CO2 absorption occurs when A� < 1; desorption takes place when the sense of

the inequality is reversed. In the absorption regime, Ef decreases as A� increases

due to a decreasing ratio of the carbamate concentration di�erences across the liquid

�lm to the di�erence in equilibrium CO2 partial pressures (note that Ef;R� is the

main contributor to Ef except at large values of A�, in which case Ef;R� � Ef;B+C).

Discrepancies between approximate and numerically calculated Ef values are

plotted in Figure 5.9b. Between 1 and 20 �m, the error pro�le passes through a

local minimum, the magnitude of which increases with increasing A�. When the

system operates in the absorption regime, the errors are less than 1% with liquid

�lm thicknesses between 1 and 20 �m. In the desorption regime, the errors are less

than 4% over the same �lm thickness range.

Figure 5.10a depicts Ef versus � curves with di�erent bulk liquid loadings (see

equation (5.17)). The system operates in the absorption mode with � less than 0.3.

Thus the results are similar to those shown in Figure 5.9a.

Discrepancies between approximate and numerically calculated Ef values are

shown in Figure 5.10b.
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5.5 Sensitivity Analysis

In this section we evaluate the sensitivity of (a) DEA/MDEA system enhancement

factors and (b) of discrepancies between approximately calculated and exact Ef

values, to changes in the equilibrium constants, reaction rate constants, di�usion

coe�cients, and the CO2 solubility coe�cient. The objectives are to determine to

which parameters Ef is most sensitive, and how the discrepancy between Ef values

based on the approximate and numerical solutions behaves as a function of the

percent change in each parameter value.

5.5.1 Base Case Parameter Values

The base-case operating conditions are: T = 313:15 K, PCO2
= 0:15 atm, [DEA]T =

1 mol/L, [MDEA]T = 3 mol/L, A� = 0:1, and � = 10 �m. The base-case physico-

chemical parameter values are listed in Table 5.3. At these conditions the approxi-

mately calculated and exact Ef values are both ca. 14 and the interfacial and bulk

pH values are 9.1 and 9.15, respectively.

Table 5.3: Base-case parameter values

Parameter Value Units

Keq
1 4:98� 10�7 mol/L

Keq
5 2:84� 10�14 (mol/L)2

Keq
6 1:13� 10�9 mol/L

Keq
7 5:51� 10�9 mol/L

Keq
8 5:97� 10�11 mol/L

Keq
carb 3:03� 10�1 mol/L

k1 6:80� 10�2 1/s
k2 2:46� 104 L/(mol�s)
k3a 5:67� 103 L/(mol�s)
k3;H2O 2:14 L2/(mol2�s)
k3;DEA 2:22� 103 L2/(mol2�s)
k3;MDEA 3:80� 103 L2/(mol2�s)
k4 1:41� 101 L/(mol�s)

DCO2
6:36� 10�10 m2/s

D� 3:87� 10�10 m2/s

�CO2
2:22� 10�2 mol/(atm�L)
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Values of the equilibrium constants derived from those in Table 5.3 (see equa-

tions (5.3a), (5.3b), (5.4), (5.7)) are given in Table 5.4. These equilibrium constants

were not independently varied as part of the sensitivity analysis.

Table 5.4: Equilibrium constant values

Parameter Value Units

Keq
2 1:75� 107 L/mol

Keq
3;H2O

1:64� 10�6 -

Keq
3;DEA

1:45� 103 L/mol

Keq
3;MDEA

2:98� 102 L/mol

Keq
4 9:03� 101 -

The following sections report the percent changes in Ef when each of the pa-

rameters is varied over a range of �80% of its base-case value.

5.5.2 Equilibrium Constants

The sensitivities of Ef to changes in the equilibrium constants are plotted in Fig-

ure 5.11a. Ef is most sensitive to changes in Keq
1 , Keq

6 , and Keq
carb; changes in Keq

7

have little e�ect on Ef (< 1% change when Keq
7 varies between �50 and +80% of its

base-line value); changes in Keq
5 and Keq

8 have negligible e�ects on Ef (not plotted

here).

pK5 and pK8 (which are listed in Table 5.2) exceed the liquid �lm pH by more

than one pH unit under base-case conditions; pK7 is lower than the �lm pH by

approximately one unit; and pK6 is approximately equal to the pH. The fact that

DEA’s bu�er capacity is greatest under these operating conditions helps explain the

sensitivity of Ef to changes in Keq
6 . By the same token, Ef becomes sensitive to

changes in Keq
7 when it is reduced to 60% of its base-line value, at which point its

pK value approaches the liquid �lm pH.

Figure 5.11b illustrates how the relative error in the approximately calculated

Ef value responds to changes in the equilibrium constants. The error is essentially

insensitive to changes in Keq
5 and Keq

8 (not plotted), and changes marginally when

Keq
1 , Keq

6 , Keq
7 , and Keq

carb are varied. In fact, the errors never exceed 0:3%.
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Figure 5.11: Sensitivities of Ef to changes in Keq
i .
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5.5.3 Reaction Rate Constants

Figure 5.12a depicts the sensitivity of Ef to changes in the forward rate constants

of reactions (1.5a), (1.5b), (1.9a), and (1.9c). Changes in k1 and k2 have very small

e�ects for the simple reason that their impacts on the CO2 absorption rate are

intrinsically negligible (see Section 3.3.1). On the other hand, Ef is particularly

sensitive to changes in the zwitterion formation reaction rate constant, k3a, and

slightly sensitive to changes in the forward rate constant for MDEA-catalyzed CO2

hydrolysis, k4. Figure 5.12b shows that discrepancies between Ef values based on

the approximate and numerical solutions are always insigni�cant.

Figure 5.13a shows Ef sensitivity to changes in the DEA zwitterion deprotona-

tion rate constants, k3;H2O, k3;DEA, and k3;MDEA (reaction (1.9b)). Changes in k3;H2O

have negligible e�ects (not shown). Ef is quite sensitive to changes in k3;MDEA and

only slightly sensitive to those in k3;DEA. Furthermore, the relative errors remain

marginal (see Figure 5.13b).
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Figure 5.13: Sensitivities of Ef to changes in k3;DEA and k3;MDEA.
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5.5.4 Diffusion Coefficients

Figure 5.14a shows that Ef is most sensitive to changes in DCO2
(especially to

reductions) and slightly sensitive to changes in D�. Figure 5.14b indicates that the

discrepancies between approximate and exact Ef values remain less than 0:5%.

5.5.5 Solubility Coefficient

Figure 5.15a shows that Ef is sensitive to changes in the solubility coe�cient, par-

ticularly to reductions; while Figure 5.15b indicates that the errors (compared to

exact Ef values) do not exceed 1%.
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Figure 5.14: Sensitivities of Ef to changes in DCO2
and D�.
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5.6 CO2 Absorption in Solutions of MEA, DEA, and

their Blends with MDEA

Figure 5.16a shows theoretical Ef behavior as � varies between 0.1 and 103 �m,

of 1 mol/L solutions of the primary amine MEA and secondary amine DEA, and

their blends with 3 mol/L of the tertiary amine MDEA. Figure 5.16b shows the

dependence on � of the discrepancy between approximate and exact Ef values.

Figures 5.17a and 5.17b highlight these results over the narrower delta range of 1

to 100 �m.

Notably, with � < 20 �m, Ef of 1 mol/L MEA is roughly twice that of 1 mol/L

DEA. However, Ef values of blends of 3 mol/L MDEA with 1 mol/L MEA and with

1 mol/L DEA nearly equal those of 1 mol/L MEA alone.

In other words, the addition of 3 mol/L MDEA has a major impact upon Ef for

1 mol/L DEA, but almost no e�ect on Ef for 1 mol/L MEA. This is particularly

striking in view of the results in Figure 5.18a showing, in the same � < 20 �m range,

that Ef values of 3 mol/L MDEA are much lower than those of 1 mol/L DEA. The

implication is that CO2, DEA, and MDEA interact synergistically: MDEA’s roles

as a weak base catalyst of CO2 hydrolysis { which, in thin �lms and the absence

of carbamate-forming primary or secondary amines, have relatively small e�ects

on CO2 absorption rates { become substantial enhancement multipliers in their

presence.

This behavior, whereby MDEA signi�cantly enhances the CO2 absorption rate in

the presence of DEA, primarily reects its multiple roles as a zwitterion-deprotonating

base. Figures 5.18a and 5.19a elucidate this in the case of a DEA/MDEA blend solu-

tion, by separately highlighting MDEA’s actions as (1) a bu�er, (2) a CO2 hydration

catalyst, and (3) a zwitterion-deprotonating base. Focusing on the industrially rele-

vant � < 20 �m range, we see that when MDEA acts only as a bu�er, it is responsible

for a very small increase in Ef over that of a solution containing only DEA. When

MDEA acts as both a bu�er and a catalyst, there is a negligible increase in Ef

(compared to when it acts only as a bu�er) since MDEA’s catalytic e�ects on the
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[MEA]T = [DEA]T = 1 mol/L, [MDEA]T = 3 mol/L, � = 0:1.
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CO2 absorption rate are essentially imperceptible in thin liquid �lms. Finally, when

MDEA assumes all three roles as a bu�er, a catalyst, and a zwitterion-deprotonating

base, there is a marked increase in the enhancement factor.

The last observation motivated examination of the impacts on Ef of all three

deprotonating bases. As shown in Figure 5.20, eliminating water as a deproto-

nating base (i.e., setting k3;H2O = 0), or eliminating both water and DEA as de-

protonating bases (k3;DEA = k3;H2O = 0), has no apparent e�ect on the enhance-

ment factor. However, removing the actions of both MDEA and water as bases

(k3;MDEA = k3;H2O = 0) elicits a major reduction in Ef . That MDEA is the pre-

dominant base in zwitterion deprotonation is supported by the fact that under the

stated operating conditions (T = 313:15 K, PCO2
= 0:15 atm, [DEA]T = 1 mol/L,

and [MDEA]T = 3 mol/L), the zwitterion deprotonation rate constants satisfy

the following inequalities: k3;MDEA > k3;DEA � k3;H2O and the pKa values satisfy:

pK7 < pK6 < pH. Moreover, not only is MDEA intrinsically the fastest zwitterion

deprotonator, but also by virtue of its higher concentration and lower pKa value than

those of DEA, considerably more MDEA is present in solution as an uncharged base,

available for zwitterion deprotonation (as well as catalysis of CO2 hydration { which,

as noted earlier, is too weak to signi�cantly enhance CO2 absorption).

Another point worth noting is the small but noticeable increase in Ef over that

of DEA alone when MDEA acts only as a bu�er in a DEA/MDEA blend. There

is a peak in the plot of Ef versus pK7 in �gure 5.21a, which coincides with the

pKa of MDEA, i.e., of reaction (1.10b) when R3 is MDEA (for which pK7 = 8:3

at 313.15 K). Further clari�cation is provided by the plots of interfacial and bulk

liquid pH versus pK7 in Figure 5.21b. At the point of maximum Ef , in Figure 5.21a,

pK6(= 8:9) and pK7(= 8:3) are su�ciently close to the pH range in the liquid �lm

to ensure signi�cant bu�ering via reactions (1.10a) and (1.10b), respectively. The

pH range also favors the zwitterion-deprotonating and carbamate-forming neutral

state of DEA.
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Chapter 6

Conclusions

Approximate analyses based on the linearization techniques of Van Krevelen and

Hoftijzer (1948), a modi�cation thereof, and that of Meldon et al. (2007) were

applied to calculate reaction-enhanced absorption rates of gaseous species A, initially

for a simple systems involving one reversible reaction, A+B 
 C. The results were

compared with those generated via exact numerical analysis over a wide parameter

space. The VKH methods proved more accurate and versatile, especially, when the

concentration weighted di�usivity ratio, �BA = DA�APA;G=(DB[B]T ), is of order

one or less.

Additional validation of the VKH linearization scheme was undertaken by ap-

plying it to the analysis of CO2 absorption in alkaline solutions containing a weak

acid/base catalyst of CO2 hydration. VKH linearization again proved highly ac-

curate as demonstrated by comparison of its enhancement factor predictions with

those generated via numerical analysis. In most instances, the VKH results deviated

by less than 1% from numerically calculated values.

The modi�ed VKH method and that of Meldon et al. (2007) were then adapted

for purposes of linearizing analyses of absorption with more complex series and

parallel reaction systems governed by multiple di�erential equations. Results based

on both linearization schemes were compared to numerically calculated results and

the modi�ed VKH linearization proved to be more accurate.

Modi�ed VKH linearization was next applied to predict rates of CO2 absorption
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in amine and amine blend solutions. The linearized model was validated, again

by comparison of absorption rates with those generated via numerical analysis. Its

accuracy was essentially insensitive to changes in the assigned parameter values.

The methodology proved to be readily implemented and remarkably accurate for

simulating industrially relevant operating conditions.
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Appendix A

Gas-Phase Mass Transfer

Resistance

When gas-phase mass transfer is not neglected, the ux of gas at the gas/liquid

interface (i.e., x = 0) is described by boundary condition (2.11a) as:

d[A]

dx
= � kG

DA

�
PA;G �

[A]0
�A

�
(2.11a)

Substituting dimensionless variables A = [A]=(�APA;G) and y = x=� into (2.11a)

yields the dimensionless boundary condition:

�A;rxn = �dA

dy
=  (1�A0) (A.1)

where  = kg�=(DA�A) or when substituting equation (1.2) for �,  = kg=(k
0
L�A).

Solving equation (A.1) for A0, inserting into (2.26), and rearranging, yields the

dimensionless ux accounting for gas-phase mass transfer resistance:

�A;rxn = �0

�
 tanh(�0)

 tanh(�0) + �0

��
1 + g1

tanh(�0)
� A� + g1

sinh(�0)

�
(A.2)

where �0 = Ha
p
B0.

Substituting A0 from (A.1) into equation (2.28) and rearanging yields a second
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expression, once again accounting for gas-phase mass transfer resistance, for the

dimensionless ux:

�A;rxn =
 

 + 1

�
(1�A�)�

(B0 �B�)
�BA

�
(A.3)

Equating the expressions for the dimensionless absorption rate, (A.2) and (A.3),

yields a single equation that is solved via trial-and-error to obtain B0.

Under conditions of physical absorption with gas-phase mass transfer resistance,

the dimensionless ux is:

�A =
 

 + 1
(1�A�) (A.4)

The enhancement factor is then calculated by dividing equation (A.3) by (A.4),

yielding:

Ef = 1� (B0 �B�)
�BA(1�A�)

(A.5)
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Appendix B

VKH Approximation at

Nonzero Loadings

Relative error plots presented in Figures B.1 and B.2 compare approximate (VKH

linearization) and numerically calculated enhancement factors for the reaction A+

B 
 C. Figure B.1 shows results for a system loading � = 0:1 and Figure B.2 gives

results for � = 0:3.

The dashed horizontal line on each plot represents the equilibrium constant value

where the system transitions from absorption to desorption, Ka=d. Rearranging the

�rst boundary condition in (2.15b) and setting A� = 1 yields:

Ka=d =
�

(1� �)
(B.1)

Absorption occurs when K > Ka=d and desorption takes place when the inequality

is reversed.

The error pro�les are similar to those seen in the zero loading case (Figure 2.3)

with maximum error values between 3 and 5%.

Figure B.3 shows how the relative error is reduced when linkage equation (2.17b)

is replaced with (2.31).
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Figure B.1: K versus Ha contour plots of the relative error in
Ef (based on VKH linearization) de�ned by equation (2.30). The
horizontal dashed line represents the boundary between absorption
(K > Ka=d) and desorption (K < Ka=d). �CB = 2:25; � = 0:1;
�BA = 0:01 (a), 0.05 (b), 0.5 (c), 1 (d).
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Figure B.2: K versus Ha contour plots of the relative error in
Ef (based on VKH linearization) de�ned by equation (2.30). The
horizontal dashed line represents the boundary between absorption
(K > Ka=d) and desorption (K < Ka=d). �CB = 2:25; � = 0:3;
�BA = 0:01 (a), 0.05 (b), 0.5 (c), 1 (d).
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Figure B.3: K versus Ha contour plots of the relative error in
Ef (based on VKH linearization) de�ned by equation (2.30) with
linkage equation (2.17b) replaced by (2.31). �CB = 2:25; � = 0;
�BA = 0:01 (a), 0.5 (b).
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Appendix C

Series Reaction Constants

The constants found in the modi�ed VKH and Meldon et al. (2007) approximations

for the series reaction scheme are de�ned in this appendix.

C.1 Modified VKH Linearization

Linearizing �1 and �2 (4.9) with interface concentrations B0, D0, E0, and F0, and

substituting into ODEs (4.7a) and (4.7c) yields the following linear ODE system:

d2A

dy2
= Ha2

1

�
AB0 �

CD0

K1

�
(C.1a)

d2C

dy2
= �Ha2

1�BA�CB

�
AB0 �

CD0

K1

�
+Ha2

2�CB

�
B0C �

E0F0

K2

�
(C.1b)

Collecting terms gives the ODE system as written in (4.20) with the constants

de�ned as follows:

b11 = Ha2
1B0 (C.2a)

b12 = �Ha
2
1

K1
D0 (C.2b)

b21 = �Ha2
1�BA�CBB0 (C.2c)

b22 =
Ha2

1�BA�CB
K1

D0 +Ha2
2B0�CB (C.2d)

g = �Ha
2
2�CB
K2

E0F0 (C.2e)
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Converting (4.20) to a system of �rst-order ODEs yields the following coe�cient

matrix: 266666664

0 1 0 0

b11 0 b12 0

0 0 0 1

b21 0 b22 0

377777775
The eigenvalues, ri, of the coe�cient matrix, and thus the second-order ODE

system (4.20) are:

r1 =

s
1

2

�
b11 + b22 �

q
b211 � 2b11b22 + 4b12b21 + b222

�
(C.3a)

r2 =

s
1

2

�
b11 + b22 +

q
b211 � 2b11b22 + 4b12b21 + b222

�
(C.3b)

r3 = �r1 (C.3c)

r4 = �r2 (C.3d)

Substituting the general solutions for A and C ((4.22a) and (4.22b), respectively)

into ODE (4.20a) and collecting like terms yields the following relationship between

the constants of integration:

Zi+4 =

�
r2
i � b11

b12

�
Zi; i = 1; 2; 3; 4 (C.4)

The constants Zi are calculated from a system of linear equations determined

from the general solutions to A and C at the y = 0 and y = 1 boundary conditions

(4.21), i.e.:

266666664

1 1 1 1

n1r1 n2r2 n3r3 n4r4

exp(r1) exp(r2) exp(r3) exp(r4)

n1 exp(r1) n2 exp(r2) n3 exp(r3) n4 exp(r4)

377777775

266666664

Z1

Z2

Z3

Z4

377777775
=

266666664

A0 �H1

0

A� �H1

C� �H2

377777775
(C.5)

where ni = (r2
i � b11)=b12 (i = 1; 2; 3; 4), H1 = b12g=(b11b22 � b12b21), and H2 =
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b11g=(b11b22 � b12b21).

C.2 Meldon Linearization

The dimensionless reaction rates (4.9) in nonlinear ODEs (4.7a) and (4.7b) were

linearized using equations (4.28a) and (4.28b) with the pseudo-equilibrium concen-

trations set equal to their values at y = 0. The relationships between the deviation

variables (4.27) were used to write the linearized homogeneous ODE system (4.29)

in terms of �A and �B. The resulting constants are de�ned by:

a11 = Ha2
1

�
B0 +

�BA�DB
K1

C0 +
2�BA�CB

K1
D0

�
(C.6a)

a12 = Ha2
1

�
A0 �

�CB
K1

D0

�
(C.6b)

a21 = a11�BA �Ha2
2

�
2�BA�CBB0 +

�BA�EB
K2

F 0 +
�BA�FB
K2

E0

�
(C.6c)

a22 = a12�BA +Ha2
2

�
C0 + �CBB0 +

�EB
K2

F 0 +
�FB
K2

E0

�
(C.6d)

The eigenvalues, ri, and integration constants, Zi+4 (i = 1; 2; 3; 4), are de�ned

by equations (C.3) and (C.4), respectively, with constants bij replaced with aij .

Integration constants Zi (i = 1; 2; 3; 4) are determined from the following linear

system:

266666664

1 1 1 1

n1r1 n2r2 n3r3 n4r4

exp(r1) exp(r2) exp(r3) exp(r4)

n1 exp(r1) n2 exp(r2) n3 exp(r3) n4 exp(r4)

377777775

266666664

Z1

Z2

Z3

Z4

377777775
=

2666666664

�A0

�dB0
dy

���
y=0

0

0

3777777775
(C.7)

where ni = (r2
i � a11)=a12 (i = 1; 2; 3; 4).

The �rst derivatives of the pseudo-equilibrium concentrations A and B are de-

termined by di�erentiating the equilibrium (4.25) and linkage equations (4.26) and
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solving at y = 0:

dA

dy

����
y=0

= � x3

K1B0 + x3
�A;rxn (C.8a)

dB

dy

����
y=0

=
�BA�DBx2

x1

 
dA

dy

����
y=0

+ �A;rxn

!
(C.8b)

where

x1 = K2(C0 + �CBB0) + �FBE0 + �EBF 0 (C.9a)

x2 =
2K2�CBB0 + �FBE0 + �EBF 0

�DB
(C.9b)

x3 = (K1A0 � �CBD0)
�BA�DBx2

x1
+ �BA(�DBC0 + 2�CBD0) (C.9c)
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Appendix D

Parallel Reaction Constants

The constants found in the modi�ed VKH and Meldon et al. (2007) approximations

for the parallel reaction scheme are de�ned in this appendix.

The dimensionless equilibrium constants are:

K1 =

�
CD

AB

�eq
(D.1a)

K2 =

�
EF

AC

�eq
(D.1b)

The dimensionless linkage equations are:

A� B

�BA
+

E

�BA�EB
= (1� y)�1;rxn +A� �

B�
�BA

+
E�

�BA�EB
(D.2a)

B +
D

�DB
= B� +

D�

�DB
(D.2b)

C + �CBB +
�CB
�EB

E = C� + �CBB� +
�CB
�EB

E� (D.2c)

E

�EB
� F

�FB
=

E�
�EB

� F�
�FB

(D.2d)

D.1 Modified VKH Linearization

Linearizing �1 and �2 (4.35) with interfacial concentrations B0, C0, E0, and F0,

and substituting into ODEs (4.34a) and (4.34d) yields the following system of linear
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ODEs:

d2A

dy2
= Ha2

1

�
AB0 �

C0D

K1

�
+Ha2

2

�
AC0 �

E0F0

K2

�
(D.3a)

d2D

dy2
= �Ha2

1�BA�DB

�
AB0 �

C0D

K1

�
(D.3b)

Collecting terms in (D.3a) and (D.3b) gives:

d2A

dy2
� b11A� b12D = g (D.4a)

d2D

dy2
� b21A� b22D = 0 (D.4b)

where constants b11, b12, b21, b22, and g are:

b11 = Ha2
1B0 +Ha2

2C0 (D.5a)

b12 = �Ha
2
1C0

K1
(D.5b)

b21 = �Ha2
1�BA�DBB0 (D.5c)

b22 =
Ha2

1�BA�DBC0

K1
(D.5d)

g = �Ha
2
2E0F0

K2
(D.5e)

The general solution to (D.4) is:

A =

4X
i=1

Zi exp(riy) +H1 (D.6a)

D =
4X
i=1

Zi+4 exp(riy) +H2 (D.6b)

where H1 = �b22g=(b11b22�b12b21), H2 = b21g=(b11b22�b12b21), and ri and Zi+4 (i =

1; 2; 3; 4) are de�ned by equations (C.3) and (C.4), respectively. Zi (i = 1; 2; 3; 4)
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are determined from the following linear system:

266666664

1 1 1 1

n1r1 n2r2 n3r3 n4r4

exp(r1) exp(r2) exp(r3) exp(r4)

n1 exp(r1) n2 exp(r2) n3 exp(r3) n4 exp(r4)

377777775

266666664

Z1

Z2

Z3

Z4

377777775
=

266666664

A0 �H1

0

A� �H1

D� �H2

377777775
(D.7)

where ni = (r2
i � b11)=b12 (i = 1; 2; 3; 4).

One expression for the dimensionless CO2 ux is determined by di�erentiating

equation (D.6a) and solving at y = 0:

�A;rxn = � dA

dy

����
y=0

= �
4X
i=1

Ziri (D.8)

The second expression is obtained by rearranging linkage equation (D.2a) and solv-

ing at y = 0:

�A;rxn = (A0 �A�)�
B0 �B�
�BA

+
E0 � E�
�BA�EB

(D.9)

Correctly estimating B0 and E0 will ensure equality of equations (D.8) and (D.9)

and satisfaction of all boundary conditions and linkage equations.

D.2 Meldon Linearization

Di�erencing linkage equations (D.2) with those written in terms of the pseudo-

equilibrium concentrations yields the following relationships between the deviation

variables:

�A� �B

�BA
+

�E

�BA�EB
= 0 (D.10a)

�B +
�D

�DB
= 0 (D.10b)

�C + �CB�B +
�CB
�EB

�E = 0 (D.10c)

�E

�EB
� �F

�FB
= 0 (D.10d)
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The dimensionless reaction rates (4.35) in nonlinear ODEs (4.34a) and (4.34b)

were linearized using equation (4.28a), and equation (4.28b) rewritten in terms of

reactant A:

�2;lin =
X

j=A;C;E;F

@�2

@j

����
A;C;E;F

�j (D.11)

with the pseudo-equilibrium concentrations set equal to their values at y = 0. The

relationships between the deviation variables (D.10) were used to write the linearized

homogeneous ODE system in terms of �A and �B (identical to the linear system

(4.29) for the series reaction scheme). The resulting constants are de�ned by:

a11 = Ha2
1

�
B0 �

�BA�CBD0

K1

�
+Ha2

2

�
C + �BA

�
�CBA+

�EBE0 + �FBE0

K2

��
(D.12a)

a12 = Ha2
1

�
A0 +

2�CBD0 + �DBC0

K1

�
�Ha2

2

�
2�CBA0 +

�EBF 0 + �FBE0

K2

�
(D.12b)

a21 = Ha2
1�BA

�
B0 �

�BA�CBD0

K1

�
(D.12c)

a22 = Ha2
1�BA

�
A0 +

2�CBD0 + �DBC0

K1

�
(D.12d)

The general solution (4.31) has eigenvalues, ri, and integration constants, Zi+4

(i = 1; 2; 3; 4), de�ned by equations (C.3) and (C.4), respectively, with constants

bij replaced with aij . Constants Zi (i = 1; 2; 3; 4) are determined from the linear

system (C.7).

The �rst derivatives of A and B are determined by di�erentiating the equilib-

rium (D.1) and linkage equations (D.2) written in terms of the pseudo-equilibrium

concentrations at y = 0.

dA

dy

����
y=0

= �x6

x5
�A;rxn (D.13a)

dB

dy

����
y=0

= x3�A;rxn + x4
dA

dy

����
y=0

(D.13b)
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where

x1 = K2A0 +
�EBF 0 + �FBE0

�CB
(D.14a)

x2 = �EBF 0 + �FBE0 (D.14b)

x3 =
�BA�CBx1

2�CBx1 � x2
(D.14c)

x4 =
�BA�CBx1 +K2C0

2�CBx1 � x2
(D.14d)

x5 = K1(B0 + x4A0) +
(K2C0 + x2x4)D0

x1
+ �DBx4C0 (D.14e)

x6 =

�
K1A0 +

x2D0

x1
+ �DBC0

�
x3 (D.14f)

As was done for the series reaction scheme, the reaction-enhanced ux is calcu-

lated via a trial-and-error search for �A0 that equalizes the following two expressions

for the dimensionless absorption rate:

�A;rxn = �
�

d�A

dy
+

dA

dy

�����
y=0

= (A0 �A�)�
B0 �B�
�BA

+
E0 � E�
�BA�EB

(D.15)
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Appendix E

Appendix for Chapter 5

E.1 Modified VKH Linearization

CO2 absorption in mixed amine solutions follows a parallel reaction scheme. As

such, the solution to the modi�ed VKH approximation follows the procedure laid

out in Appendix D. The constants, written in terms of R0 and R+
0 , that come out

of the linearized ODE system (5.31) are de�ned by:

b11 = Ha2
1 +

Ha2
2K5R0

K6R
+
0

+
Ha2

3R0

D1
+

Ha2
4R0

R0 + �R+
0

(E.1a)

b12 =

�
Ha2

1K6R
+
0

K1R0
+
Ha2

2

K2
+

Ha2
4�R

+
0

K4(R0 + �R+
0 )

�
[R]T
D2
� Ha2

3N1

D1
(E.1b)

b21 = �Ha
2
3�2R0

D1
(E.1c)

b22 =
Ha2

3�2N1

D1
(E.1d)

g = �
�
Ha2

1K6R
+
0

K1R0
+
Ha2

2

K2
+

Ha2
4�R

+
0

K4(R0 + �R+
0 )

�
N2

D2
(E.1e)

where N1 and D1 are numerator and denominator terms, respectively, that come

from �3 (5.29c) when it is substituted into equations (5.27a) and (5.27b) and lin-
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earized at y = 0:

N1 =

H2O

K3;H2O

K6R
+
0

R0
+ R

K3;R
R+

0 +
R3

K3;R3

�R+
0

R0+�R+
0

H2O + RR0 + R3

R0

R0+�R+
0

(E.2a)

D1 = 1 +
1�

H2O + RR0 +
R3R0

R0+�R+
0

� (E.2b)

and N2 and D2 are numerator and denominator terms, respectively, that come from

substituting equation (5.25) into dimensionless reaction rate terms (5.29a), (5.29b),

and (5.29d), and linearizing at y = 0:

N2 = [Am]T

�
K6R

+
0

R0
� K5R0

K6R
+
0

�
+ [R]TR

+
0 +

[R3]T�R
+
0

R0 + �R+
0

+ [M+] (E.3a)

D2 = [Am]T

�
1 +

2K8R0

K6R
+
0

�
(E.3b)

Eigenvalues ri and constants Zi+4 (i = 1; 2; 3; 4) are de�ned by (C.3) and (C.4),

respectively. Constants Zi (i = 1; 2; 3; 4) are determined by solving linear system

(D.7) with D replaced by R�.

E.2 Enhancement Factor versus Alkali Metal Ion Con-

centration in DEA Solution

The following �gures are included to support the hypothesis that bu�ering due to

the primary or secondary amine (1.10a) promotes increased CO2 absorption when

pH � pK6 (see Section 5.4.3).
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Figure E.1: (a) Contributions to Ef and (b) liquid �lm pH range
versus [M+]. T = 313:15 K, PCO2

= 0:15 atm, [DEA] = 1 mol/L,
[MDEA] = 0 mol/L, A� = 0:1, � = 20 �m.
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Appendix F

MATLAB Listings

F.1 Single Reaction

F.1.1 VKH Approximation

1 %Hatta number
2 Ha=100;
3

4 %dimensionless equilibrium constant
5 K=10;
6

7 %thBA (D A*alpha A*P A/(D B*[B] T)
8 thBA=1/100;
9

10 %thCB (D B/D C)
11 thCB=2.25;
12

13 %loading L=[0,1)
14 L=0;
15

16 %dimensionless concentration of A at y=0 (x=0)
17 A0=1;
18 %dimensionless equilibrium concentration of A,B,C at y=1 (x=delta)
19 AL=L/(K*(1-L));
20 BL=1-L;
21 CL=L;
22 cbulk=[AL,BL,CL];
23

24 %B0 initial guess
25 B0 initial=[1e-10,BL];
26

27 %VKH approxmation - calculate B0
28 f3=phi3(BL,CL,thCB);
29 [Bzero,fval]=zerosolve vkh(B0 initial,A0,AL,BL,f3,Ha,K,thBA,thCB);
30

31 %Dimensionless absorption rate of A
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32 phi Arxn=phi1a vkh(Bzero,A0,AL,BL,thBA);
33

34 %Enhancement Factor
35 Evkh=phi Arxn/(A0-AL);

1 function f3=phi3(BL,CL,thCB)
2

3 %righthand side of linkage equation relating species B and C
4 f3=BL+CL/thCB;
5

6 end

1 function [DAzero,fval]=zerosolve vkh(B0 initial,A0,AL,BL,f3, ...
2 Ha,K,thBA,thCB)
3

4 %VKH approximation - determine B0
5 %options=optimset('TolX',1e-12);
6 [DAzero,fval]=fzero(@my zero,B0 initial);%,options);
7

8 function f=my zero(B0find)
9

10 %dimensionless absorption rate - from linkage equation
11 f1a=phi1a vkh(B0find,A0,AL,BL,thBA);
12

13 %dimesionless absorption rate - from linearized ODE
14 [f1b,H1,H2]=phi1b vkh(B0find,A0,AL,f3,Ha,K,thCB);
15

16 %objective
17 f=f1a-f1b;
18

19 end
20 end

1 function f1a=phi1a vkh(B0,A0,AL,BL,thBA)
2

3 %dimensionless absorption rate - from linkage equation
4 f1a=A0-AL-((B0-BL)/thBA);
5

6 end

1 function [f1b,H1,H2]=phi1b vkh(B0,A0,AL,f3,Ha,K,thCB)
2

3 %constants from linearized ODE
4 H1=sqrt(Haˆ2.*B0);
5 H2=Haˆ2*thCB*(f3-B0)./K;
6

7 %dimensionless absorption rate - from linearized ODE
8 f1b=H1.*(A0-H2./H1.ˆ2)./tanh(H1)-H1.*(AL-H2./H1.ˆ2)./sinh(H1);
9

10 end
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F.1.2 Meldon et al. (2007) Approximation

1 %Hatta number
2 Ha=100;
3

4 %dimensionless equilibrium constant
5 K=10;
6

7 %thBA (D A*alpha A*P A/(D B*[B] T)
8 thBA=1/100;
9

10 %thCB (D B/D C)
11 thCB=2.25;
12

13 %loading L=[0,1)
14 L=0;
15

16 %dimensionless concentration of A at y=0 (x=0)
17 A0=1;
18 %dimensionless equilibrium concentration of A,B,C at y=1 (x=delta)
19 AL=L/(K*(1-L));
20 BL=1-L;
21 CL=L;
22 cbulk=[AL,BL,CL];
23

24 %constant phi 3
25 f3=phi3(BL,CL,thCB);
26

27 %discretize Delta A0 based on absorption or desorption process
28 if AL<=1;
29 DA0=linspace(0,A0,1001);
30 else
31 DA0=linspace(-AL,0,1001);
32 end
33

34 %check for the presence of three roots
35 f1a=phi1a(DA0,A0,AL,BL,f3,K,thBA,thCB);
36 [f1b,lam0]=phi1b(DA0,A0,f3,Ha,K,thBA,thCB);
37 index=zerocross(f1a,f1b);
38 %find roots along DA0 axis
39 for j=1:length(index)
40 DA0 initial=[DA0(index(j)),DA0(index(j)+1)];
41 [DAzero,fval]=zerosolve(DA0 initial,A0,AL,BL,f3,Ha,K,thBA,thCB);
42 %Delta A0 values satisfying absorption rate equality
43 DA0 rts(j)=DAzero;
44 end
45

46 %Dimensionless absorption rate of A
47 [phi Arxn,lam0 rts]=phi1b(DA0 rts(j),A0,f3,Ha,K,thBA,thCB);
48

49 %Enhancement Factor
50 Emel=phi Arxn/(A0-AL);

1 function f3=phi3(BL,CL,thCB)
2
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3 %righthand side of linkage equation relating species B and C
4 f3=BL+CL/thCB;
5

6 end

1 function index=zerocross(f1a,f1b)
2

3 %index of zero crossings
4 h1=f1a-f1b;
5 h2=h1(1:end-1).*h1(2:end);
6 index=find(h2<0);
7

8 end

1 function [DAzero,fval]=zerosolve(DA0 initial,A0,AL,BL,f3, ...
2 Ha,K,thBA,thCB)
3

4 %Meldon et al. (2007) approximation - determine Delta A0
5 %options=optimset('TolX',1e-12);
6 [DAzero,fval]=fzero(@my zero,DA0 initial);%,options);
7

8 function f=my zero(DA0find)
9

10 %dimensionless absorption rate - from linkage equation
11 f1a=phi1a(DA0find,A0,AL,BL,f3,K,thBA,thCB);
12

13 %deminsionless absorption rate - from linearized ODE
14 [f1b,lam0]=phi1b(DA0find,A0,f3,Ha,K,thBA,thCB);
15

16 %objective
17 f=f1a-f1b;
18

19 end
20 end

1 function f1a=phi1a(DA0,A0,AL,BL,f3,K,thBA,thCB)
2

3 %dimensionless interfacial psuedo-equilibrium concentrations
4 A 0=A0-DA0;
5 B 0=B 0eq(DA0,A0,f3,K,thCB);
6

7 %dimensionless absorption rate - from linkage equation
8 f1a=A 0-AL-((B 0-BL)/thBA);
9

10 end

1 function [f1b,lam0]=phi1b(DA0,A0,f3,Ha,K,thBA,thCB)
2

3 %dimensionless interfacial psuedo-equilibrium concentrations
4 A 0=A0-DA0;
5 B 0=B 0eq(DA0,A0,f3,K,thCB);
6
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7 %linearized ODE constant
8 lam0=sqrt(Haˆ2*(B 0+thBA*A 0+thBA*thCB/K));
9

10 %dimensionless absorption rate - from linearized ODE
11 f1b=DA0.*lam0./tanh(lam0).*(thBA*thCB*f3+K*B 0.ˆ2)./(K*B 0.ˆ2);
12

13 end

F.1.3 Numerical Solution

1 %Hatta number
2 Ha=100;
3

4 %dimensionless equilibrium constant
5 K=10;
6

7 %thBA (D A*alpha A*P A/(D B*[B] T)
8 thBA=1/100;
9

10 %thCB (D B/D C)
11 thCB=2.25;
12

13 %loading L=[0,1)
14 L=0;
15

16 %dimensionless concentration of A at y=0 (x=0)
17 A0=1;
18 %dimensionless equilibrium concentration of A,B,C at y=1 (x=delta)
19 AL=L/(K*(1-L));
20 BL=1-L;
21 CL=L;
22 cbulk=[AL,BL,CL];
23

24 %array of dimensionless group values
25 p=[Ha,thBA,thCB,K,A0,cbulk];
26

27 %numerical solution - calculate dimensionless concentration and ...
flux profiles on y=[0,1]

28 [yint,Svint]=abc bvp1a(p);
29

30 %enhancement factor from dimensionless absorption rate ...
[-dA/dy=Svint(4,1)]

31 Enum=-Svint(4,1)/(Svint(1,1)-AL);
32

33 %plot dimensionless concentration profiles for species A, B, and C
34 figure
35 plot(yint,Svint(1:3,:))
36 legend('A','B','C')
37 xlabel('y (-)','fontsize',12)
38 ylabel('Dimensionless Concentration (-)','fontsize',12)
39 set(gca,'fontsize',12)
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1 function [yint,Svint]=abc bvp1a(p,solver)
2

3 %INPUT VARIABLES
4 %p = vector of parameter values passed from bvp solve1.m
5 %solver = this is an optional variable. If you do not want to use ...

the bvp5c solver, you can pass the string 'bvp4c' to use the ...
bvp4c solver.

6

7 %check how many variables are passed to the function
8 if nargin <= 1
9 solver = 'bvp5c';

10 end
11 bvpsolver = fcnchk(solver);
12

13 %prepare an initial guess for the BVP in proper Matlab form
14 solinit = bvpinit(linspace(0,1,11),@abc init);
15

16 %BVP solver options
17 options=bvpset('NMax',10000, 'Reltol',1e-3, 'FJacobian',@abc fjac, ...

'BCJacobian',@abc bcjac, 'Vectorized','on');
18 %BVP solver returns the structure 'sol'
19 sol = bvpsolver(@abc ode,@abc bc,solinit,options);
20

21 %sol(y) is continuous and has a continuous derivative.
22 %DEVAL is used to evaluate it at enough points to get a smooth curve.
23 yint = linspace(0,1);
24 Svint = deval(sol,yint);
25

26 % -----------------------------------------------------
27 % Nested functions
28

29 function dvdy = abc ode(y,v)
30

31 %This function defines the system of ordinary differential
32 %equations. Note that you must convert the second order system of
33 %equations to a first order system.
34 %INPUT VARIABLES
35 %y = independent variable
36 %v = dependent variables (state variables). v(1)=variable 1,
37 %v(2)=variable 2, ..., v(n)=variable n. In the problem below ...

there are
38 %6 dependent variables
39

40 %dimensionless groups values
41 Ha=p(1); thBA=p(2); thCB=p(3); K=p(4);
42 %system of first order ODE's
43 dvdy(1,:)=v(4,:);
44 dvdy(2,:)=v(5,:);
45 dvdy(3,:)=v(6,:);
46 dvdy(4,:)=Haˆ2*(v(1,:).*v(2,:)-v(3,:)/K);
47 dvdy(5,:)=Haˆ2*thBA*(v(1,:).*v(2,:)-v(3,:)/K);
48 dvdy(6,:)=-Haˆ2*thBA*thCB*(v(1,:).*v(2,:)-v(3,:)/K);
49

50 end
51 % -----------------------------------------------------
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52

53 % -----------------------------------------------------
54 function res = abc bc(v0,v1)
55

56 %this function defines the known boundary conditions as residuals.
57 %the solver attempts to make the residuals equal to zero.
58

59 %INPUT VARIABLES
60 %v0 = boundary conditions at y=0 (y=ymin) (v0(n) is the boundary
61 %condition for variable n at y=0)
62 %v1 = boundary conditions at y=1 (y=ymax) (v1(n) is the boundary
63 %condition for the variable n at y=1)
64 A0=p(5);
65 AL=p(6); BL=p(7); CL=p(8);
66 res(1)=v0(1)-A0;
67 res(2)=v0(5)-0;
68 res(3)=v0(6)-0;
69 res(4)=v1(1)-AL;
70 res(5)=v1(2)-BL;
71 res(6)=v1(3)-CL;
72

73 end
74 % -----------------------------------------------------
75

76 % -----------------------------------------------------
77 function dfdv=abc fjac(y,v)
78

79 %analytical jacobian
80 %parameter values from the parameter vector
81 Ha=p(1); thBA=p(2); thCB=p(3); K=p(4);
82

83 %set jacobian size and fill with zeros
84 dfdv=zeros(6,6);
85 dfdv(1:3,4:6)=eye(3);
86

87 dfdv(4,1)=Haˆ2*v(2);
88 dfdv(4,2)=Haˆ2*v(1);
89 dfdv(4,3)=-Haˆ2/K;
90

91 dfdv(5,1)=Haˆ2*thBA*v(2);
92 dfdv(5,2)=Haˆ2*thBA*v(1);
93 dfdv(5,3)=-Haˆ2*thBA/K;
94

95 dfdv(6,1)=-Haˆ2*thBA*thCB*v(2);
96 dfdv(6,2)=-Haˆ2*thBA*thCB*v(1);
97 dfdv(6,3)=Haˆ2*thBA*thCB/K;
98

99 end
100 % -----------------------------------------------------
101

102 % -----------------------------------------------------
103 function [dBCdv0,dBCdv1]=abc bcjac(v0,v1)
104

105 %analytical boundary condition jacobian
106 %left boundary
107 dBCdv0=zeros(6,6);
108 dBCdv0(1,1)=1;
109 dBCdv0(2,5)=1;
110 dBCdv0(3,6)=1;
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111

112 %right boundary
113 dBCdv1=zeros(6,6);
114 dBCdv1(4:6,1:3)=eye(3);
115

116 end
117 % -----------------------------------------------------
118

119 % -----------------------------------------------------
120 function vinit = abc init(y)
121

122 %defines the initial guesses for the solution of the problem
123 %in terms of the independent variable y. this function is ...

required.
124 m=length(y);
125 A0=p(5);
126 AL=p(6); BL=p(7); CL=p(8);
127

128 %initial guess profiles (assumes Ha is small)
129 vinit(1)=-(A0-AL)*y;
130 vinit(2)=ones(1,m)*BL;
131 vinit(3)=ones(1,m)*CL;
132 vinit(4)=-(A0-AL);
133 vinit(5)=zeros(1,m);
134 vinit(6)=zeros(1,m);
135 end
136 % -----------------------------------------------------
137

138 end % abc bvp
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F.2 Parallel Reaction

F.2.1 VKH Approximation

1 %diffusivity ratios
2 thBA=1/100;
3 %th=[thBA,thCB,thDB,thEB,thFB]
4 th=[thBA,1,1,1,1];
5

6 %dimensionless equilibrium constants
7 %K=[K1,K2]
8 K(1)=1;
9 K(2)=100;

10

11 %beta=Ha2/Ha1
12 beta=1e-3;
13

14 %Hatta numbers
15 %Ha=[Ha1,Ha2]
16 Ha(1)=100;
17 Ha(2)=Ha(1)*beta;
18

19 %dimensionless concentration of A at interface (y=0)
20 A0=1;
21

22 %loading
23 L=0;
24

25 %dimensionless equilibrium concentrations at y=1
26 %cbulk=[AL,BL,CL,DL,EL,FL]
27 cbulk=loading(L,K);
28

29 %constants - righthand side of linkage equations
30 %phi=[0,0,phi 3,phi 4,phi 5,phi 6]
31 phi=phiConstant(cbulk,th);
32

33 %[B0,E0] initial guess
34 BE0 0=[0.5,0.2];
35

36 %VKH approximation - calculate dimensionless B0, E0, and ...
absorption rates

37 [BE0,conc,f1a,f1b,fval,C1,C2,a,r,H]=zeroSolve(A0,BE0 0,cbulk, ...
38 Ha,K,th,phi);
39

40 %Enahancement Factor
41 Evkh=f1a./(A0-cbulk(1));

1 function cbulk=loading(L,K)
2

3 %polynomial (quadratic) coefficients
4 a=K(2).*L-K(1).*(1-L);
5 b=-2*K(2).*L.ˆ2;
6 c=K(2).*L.ˆ3;
7
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8 %dimensionless equilibrium concentrations
9 EL=(-b-sqrt(b.ˆ2-4.*a.*c))./(2.*a);

10 DL=L;
11 BL=1-L;
12 CL=L-EL;
13 FL=EL;
14 AL=L.*(L-EL)./(K(1).*(1-L));
15

16 %dimensionless equilibrium concentrations if loading=0.5
17 if isnan(EL(L==0.5))
18 i=find(L==0.5);
19 EL(i)=L(i)/2;
20 DL(i)=L(i);
21 BL(i)=1-L(i);
22 CL(i)=L(i)-EL(i);
23 FL(i)=EL(i);
24 AL(i)=L(i).*(L(i)-EL(i))./(K(1).*(1-L(i)));
25 end
26

27 %dimensionless equilibrium concentrations
28 cbulk=[AL;BL;CL;DL;EL;FL]';
29 end

1 function phi=phiConstant(cbulk,th)
2

3 %dimensionless equilibrium concentrations
4 AL=cbulk(1); BL=cbulk(2); CL=cbulk(3); DL=cbulk(4);
5 EL=cbulk(5); FL=cbulk(6);
6

7 %diffusivity ratios
8 thBA=th(1); thCB=th(2); thDB=th(3); thEB=th(4); thFB=th(5);
9

10 %phi values - righthand side of linkage equations
11 f1=0;
12 f2=0;
13 f3=BL+DL/thDB;
14 f4=CL+thCB*BL+thCB/thEB*EL;
15 f5=EL-thEB/thFB*FL;
16 phi=[f1,f2,f3,f4,f5];
17

18 end

1 function [BE0,Z0,f1a,f1b,fval,C1,C2,a,r,H]= ...
2 zeroSolve(A0, BE0 0,cbulk,Ha,K,th,phi)
3

4 %VKH approximation - determine B0 and E0
5 %options=optimset('algorithm','levenberg-marquardt', ...

'display','on','TolFun',1e-10,'TolX',1e-10);
6 %options=optimset('display','on','TolFun',1e-8,'TolX',1e-8);
7 [BE0,fval]=fsolve(@myzero,BE0 0);%,options);
8

9 function F=myzero(x)
10 %dimensionless absorption rate - from linkage equation
11 f1a=phi1a(A0,x,cbulk,th);
12
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13 %dimensionless absorption rate - from linearized ODE
14 [f1b,C1,C2,a,r,H]=phi1b(A0,x,cbulk,Ha,K,th,phi);
15

16 %constraint 1 (dimensionless absorption rate equality)
17 F(1)=f1a-f1b;
18

19 %interface concentrations y=0
20 Z0=conc0(x,C1,C2,H,th,phi);
21

22 %constraint 2 (linkage equation)
23 F(2)=phi(3)-Z0(2)-Z0(4)/th(3);
24

25 end
26 end

1 function f1a=phi1a(A0,BE0,cbulk,th)
2

3 %dimensionless interface concentrations (B0,E0)
4 B0=BE0(1); E0=BE0(2);
5

6 %bulk equilibrium concentrations
7 AL=cbulk(1); BL=cbulk(2); CL=cbulk(3); DL=cbulk(4);
8 EL=cbulk(5); FL=cbulk(6);
9

10 %diffusivity ratios
11 thBA=th(1); thCB=th(2); thDB=th(3); thEB=th(4); thFB=th(5);
12

13 %dimensionless absorption rate - from linkage equation
14 f1a=A0-AL-(B0-BL)/thBA+(E0-EL)/(thBA*thEB);
15

16 end

1 function [f1b,C1,C2,a,r,H]=phi1b(A0,BE0,cbulk,Ha,K,th,phi)
2

3 %linearized ODE constants
4 [a,H]=diffEqConst(BE0,Ha,K,th,phi);
5

6 %eigenvalues
7 r=diffEqRoots(a);
8

9 %integration constants
10 [C1,C2]=diffEqIntConst3(A0,cbulk,r,a,H);
11

12 %dimensionless absorption rate - from linearized ODE
13 f1b=-sum(C1.*r);
14

15 end

1 function [a,H]=diffEqConst(BE0,Ha,K,th,phi)
2

3 %dimensionless interface concentrations (B0,E0)
4 B0=BE0(1); E0=BE0(2);
5

6 %Diffusivity ratios
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7 thBA=th(1); thCB=th(2); thDB=th(3);
8 thEB=th(4); thFB=th(5);
9

10 %dimensionless interface concentrations (C0,F0) from linkage equations
11 C0=phi(4)-thCB*B0-thCB/thEB*E0;
12 F0=thFB/thEB*(E0-phi(5));
13

14 %linearized ODE constants
15 a11=Ha(1)ˆ2*B0+Ha(2)ˆ2*C0;
16 a12=-Ha(1)ˆ2*C0/K(1);
17 a21=-Ha(1)ˆ2*thBA*thDB*B0;
18 a22=Ha(1)ˆ2*thBA*thDB*C0/K(1);
19 a=[a11,a12,a21,a22];
20

21 %nonhomogeneous ODE constant
22 g1=-Ha(2)ˆ2*E0*F0/K(2);
23

24 %particular part of ODE solution
25 H(1)=-a22*g1/(a11*a22-a12*a21);
26 H(2)=a21*g1/(a11*a22-a12*a21);
27

28 end

1 function r=diffEqRoots(a)
2

3 %linearized ODE constants
4 a11=a(1); a12=a(2); a21=a(3); a22=a(4);
5

6 %eigenvalues
7 r(1)=sqrt(0.5*(a11+a22-sqrt(a11ˆ2-2*a11*a22+a22ˆ2+4*a12*a21)));
8 r(2)=sqrt(0.5*(a11+a22+sqrt(a11ˆ2-2*a11*a22+a22ˆ2+4*a12*a21)));
9 r(3)=-r(1);

10 r(4)=-r(2);
11

12 end

1 function [C1,C2]=diffEqIntConst3(A0,cbulk,r,a,H)
2

3 %linearized ODE constants
4 a11=a(1); a12=a(2);
5

6 %dimensionless equilibrium concentrations at y=1
7 AL=cbulk(1); DL=cbulk(4);
8

9 %definitions based on eigenvalues and ODE constants
10 b=(r.ˆ2-a11)/a12;
11 z=exp(r);
12

13 %linear system of equations for determining integration constants
14 if exp(r(2))==inf
15 %C2 == 0
16 A=[1,1,1; ...
17 b(1)*r(1),b(3)*r(3),b(4)*r(4); ...
18 b(1)*z(1),b(3)*z(3),b(4)*z(4)];
19 c=[A0-H(1);0;DL-H(2)];
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20 else
21 %C2 != 0
22 A=[1,1,1,1; ...
23 b(1)*r(1),b(2)*r(2),b(3)*r(3),b(4)*r(4); ...
24 z(1),z(2),z(3),z(4); ...
25 b(1)*z(1),b(2)*z(2),b(3)*z(3),b(4)*z(4)];
26 c=[A0-H(1);0;AL-H(1);DL-H(2)];
27 end
28

29 %use SVD to find inv(A)
30 [U,S,V]=svd(A);
31 invA=V*diag(1./diag(S))*U';
32

33 %constants for solution to first ODE
34 C1=(invA*c)';
35 if length(c)==3
36 C1=[C1(1),0,C1(2),C1(3)];
37 end
38 %constants for solution to second ODE
39 C2=b.*C1;
40

41 end

1 function Z0=conc0(BE0,C1,C2,H,th,phi)
2

3 %diffusivity ratios
4 thBA=th(1); thCB=th(2); thDB=th(3); thEB=th(4); thFB=th(5);
5

6 %dimensionless interface concentrations
7 B0=BE0(1);
8 E0=BE0(2);
9 A0=sum(C1)+H(1);

10 D0=sum(C2)+H(2);
11 C0=phi(4)-thCB*B0-thCB/thEB*E0;
12 F0=thFB/thEB*(E0-phi(5));
13

14 %vector of dimensionless interface concentrations
15 Z0=[A0,B0,C0,D0,E0,F0];
16

17 end

F.2.2 Meldon et al. (2007) Approximation

1 %diffusivity ratios
2 thBA=1/100;
3 %th=[thBA,thCB,thDB,thEB,thFB]
4 th=[thBA,1,1,1,1];
5

6 %dimensionless equilibrium constants
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7 %K=[K1,K2]
8 K(1)=1;
9 K(2)=100;

10

11 %beta=Ha2/Ha1
12 beta=1e-3;
13

14 %Hatta numbers
15 %Ha=[Ha1,Ha2]
16 Ha(1)=100;
17 Ha(2)=Ha(1)*beta;
18

19 %dimensionless concentration of A at interface (y=0)
20 A0=1;
21

22 %loading
23 L=0;
24

25 %dimensionless equilibrium concentrations at y=1
26 %cbulk=[AL,BL,CL,DL,EL,FL]
27 cbulk=loading(L,K);
28

29 %constants - righthand side of linkage equations
30 %phi=[0,0,phi 3,phi 4,phi 5,phi 6]
31 phi=phiConstant(cbulk,th);
32

33 %[B0,E0] initial guess
34 BE 0=[0.5,0.2];
35

36 %find zero crossings (in the case of multiple roots)
37 DA0 0=zeroCross(A0,cbulk,Ha,K,th,phi,BE 0);
38

39 %Meldon et al. 2007 approximation - calculated Delta A0 and absorption
40 %rates
41 [DA s,fval s,ceq s,f1a s,f1b s,a s,r s,C1 s,C2 s] = ...

zeroSolve(A0,cbulk,Ha,K,th,phi,BE 0,DA0 0);
42

43 %Enahancement Factor
44 Emel=f1a s./(A0-cbulk(1));

1 function cbulk=loading(L,K)
2

3 %polynomial (quadratic) coefficients
4 a=K(2).*L-K(1).*(1-L);
5 b=-2*K(2).*L.ˆ2;
6 c=K(2).*L.ˆ3;
7

8 %dimensionless equilibrium concentrations
9 EL=(-b-sqrt(b.ˆ2-4.*a.*c))./(2.*a);

10 DL=L;
11 BL=1-L;
12 CL=L-EL;
13 FL=EL;
14 AL=L.*(L-EL)./(K(1).*(1-L));
15

16 %dimensionless equilibrium concentrations if loading=0.5
17 if isnan(EL(L==0.5))
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18 i=find(L==0.5);
19 EL(i)=L(i)/2;
20 DL(i)=L(i);
21 BL(i)=1-L(i);
22 CL(i)=L(i)-EL(i);
23 FL(i)=EL(i);
24 AL(i)=L(i).*(1-EL(i))./(K(1).*(1-L(i)));
25 end
26

27 %dimensionless equilibrium concentrations
28 cbulk=[AL;BL;CL;DL;EL;FL]';
29

30 end

1 function phi=phiConstant(cbulk,th)
2

3 %dimensionless equilibrium concentrations
4 AL=cbulk(1); BL=cbulk(2); CL=cbulk(3); DL=cbulk(4);
5 EL=cbulk(5); FL=cbulk(6);
6

7 %diffusivity ratios
8 thBA=th(1); thCB=th(2); thDB=th(3); thEB=th(4); thFB=th(5);
9

10 %phi values - righthand side of linkage equations
11 phi(1)=0;
12 phi(2)=AL-BL/thBA+EL/(thBA*thEB);
13 phi(3)=BL+DL/thDB;
14 phi(4)=CL+thCB*BL+thCB/thEB*EL;
15 phi(5)=EL-thEB/thFB*FL;
16

17 end

1 function DA0 0=zeroCross(A0,cbulk,Ha,K,th,phi,BE 0)
2

3 %discretize Delta A0 based on absorption or desorption process
4 if cbulk(1)<1
5 DA0=[linspace(0,0.99,25),0.999,0.9999,0.99999,0.999999, ...
6 0.99999999,0.9999999999, ...
7 0.9999999999999999999999999999999999999999];
8 else
9 DA0=linspace(-cbulk(1),0.9999,31);

10 end
11

12 %determine dimensionless absorption rate at each Delta A0
13 for i=1:length(DA0)
14 A 0=A0-DA0(i);
15 [f1a(i),ceq,fval]=phi1a(A 0,cbulk,K,th,phi,BE 0);
16 [f1b(i),a,r,C1,C2]=phi1b(DA0(i),ceq,f1a(i),Ha,K,th);
17 end
18

19 H=f1a-f1b;
20 zc=H(1:end-1).*H(2:end);
21 %index of zero crossings
22 indx=find(zc<0);
23
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24 %if zero crossing array is empty create new discretization
25 if isempty(indx)
26 zc2=f1b(1:end-1)-f1b(2:end);
27 indx2=find(zc2<0);
28 DA02=linspace(DA0(indx2),DA0(indx2+1),21);
29 %calculate dimensionless absorption rates
30 for i=1:length(DA02)
31 A 02=A0-DA02(i);
32 [f1a2(i),ceq,fval]=phi1a(A 02,cbulk,rx1,rx2,K,th,phi,DE 0);
33 [f1b2(i),a,r,C1,C2]=phi1b(DA02(i),ceq,f1a2(i),v1,v2,rx1,rx2, ...
34 Ha,K,th);
35 end
36

37 H2=f1a2-f1b2;
38 zc3=H2(1:end-1).*H2(2:end);
39 %index of zero crossings
40 indx3=find(zc3<0);
41 ind=indx3(1);
42 DA0 0=[DA02(ind),DA02(ind+1)];
43 else
44 if length(indx)==1
45 ind=indx;
46 elseif abs(f1b(indx(1)))>202
47 ind=indx(2);
48 else
49 ind=indx(1);
50 end
51 %Delta A0 values bounding the absorption rate equality
52 DA0 0=[DA0(ind),DA0(ind+1)];
53 end
54

55 end

1 function [f1a,ceq,fval]=phi1a(A 0,cbulk,K,th,phi,BE 0)
2

3 %dimensionless equilibrium concentrations at y=0
4 [ceq,fval]=eqConcDA0(A 0,K,th,phi,BE 0);
5

6 %dimensionless absorption rate - from linkage equation
7 f1a=ceq(1)-cbulk(1)-(ceq(2)-cbulk(2))/th(1)+ ...
8 (ceq(5)-cbulk(5))/(th(1)*th(4));
9

10 end

1 function [f1b,a,r,C1,C2]=phi1b(DA0,ceq,f1a,Ha,K,th)
2

3 %dimensionless terms required for solving
4 %dA underbar/dy and dB underbarbar/dy
5 [x,dA dy,dB dy]=dAdyConst(f1a,ceq,K,th);
6

7 %linear ODE constants
8 a=diffEqConst(ceq,Ha,K,th);
9

10 %eigenvalues
11 r=diffEqRoots(a);
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12

13 %integration constants
14 [C1,C2]=diffEqIntConst3(DA0,a,r,dB dy);
15

16 %dimensionless absorption rate - from linearized ODE
17 f1b=sum(C1.*r)*x(5)/(x(6)-x(5));
18

19 end

1 function [x,dA dy,dB dy]=dAdyConst(f1a,ceq,K,th)
2

3 %diffusivity ratios
4 thBA=th(1); thCB=th(2); thDB=th(3); thEB=th(4); thFB=th(5);
5

6 %dimensionless equilibrium concentrations at y=0
7 A 0=ceq(1); B 0=ceq(2); C 0=ceq(3); D 0=ceq(4);
8 E 0=ceq(5); F 0=ceq(6);
9

10 %constants
11 x(1)=K(2)*A 0+thEB/thCB*F 0+thFB/thCB*E 0;
12 x(2)=thEB*F 0+thFB*E 0;
13 x(3)=thBA*thCB*x(1)/(2*thCB*x(1)-x(2));
14 x(4)=(thBA*thCB*x(1)+K(2)*C 0)/(2*thCB*x(1)-x(2));
15 x(5)=K(1)*B 0+K(1)*A 0*x(4)+K(2)*C 0*D 0/x(1)+ ...
16 D 0*x(2)*x(4)/x(1)+thDB*C 0*x(4);
17 x(6)=(K(1)*A 0+D 0*x(2)/x(1)+thDB*C 0)*x(3);
18

19 %dimensionless underbar derivatives
20 dA dy=-x(6)/x(5)*f1a;
21 dB dy=x(3)*f1a+x(4)*dA dy;
22

23 end

1 function a=diffEqConst(ceq,Ha,K,th)
2

3 %diffusivity ratios
4 thBA=th(1); thCB=th(2); thDB=th(3); thEB=th(4); thFB=th(5);
5

6 %dimensionless equilibrium concentrations at y=0
7 A 0=ceq(1); B 0=ceq(2); C 0=ceq(3); D 0=ceq(4);
8 E 0=ceq(5); F 0=ceq(6);
9

10 %constants
11 x(1)=B 0-thBA*thCB*D 0/K(1);
12 x(2)=A 0+2*thCB*D 0/K(1)+thDB*C 0/K(1);
13 x(3)=C 0+thBA*thCB*A 0+thBA*thEB*F 0/K(2)+thBA*thFB*E 0/K(2);
14 x(4)=2*thCB*A 0+thEB*F 0/K(2)+thFB*E 0/K(2);
15

16 %linearized ODE constants
17 a11=Ha(1)ˆ2*x(1)+Ha(2)ˆ2*x(3);
18 a12=Ha(1)ˆ2*x(2)-Ha(2)ˆ2*x(4);
19 a21=Ha(1)ˆ2*thBA*x(1);
20 a22=Ha(1)ˆ2*thBA*x(2);
21 a=[a11,a12,a21,a22];
22
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23 end

1 function r=diffEqRoots(a)
2

3 %linearized ODE constants
4 a11=a(1); a12=a(2); a21=a(3); a22=a(4);
5

6 %eigenvalues
7 r(1)=sqrt(0.5*(a11+a22-sqrt(a11ˆ2-2*a11*a22+a22ˆ2+4*a12*a21)));
8 r(2)=sqrt(0.5*(a11+a22+sqrt(a11ˆ2-2*a11*a22+a22ˆ2+4*a12*a21)));
9 r(3)=-r(1);

10 r(4)=-r(2);
11

12 end

1 function [C1,C2]=diffEqIntConst3(DA0,a,r,dB dy)
2

3 %Constants for linear ODE system
4 a11=a(1); a12=a(2);
5

6 %definitions based on eigenvalues and ODE constants
7 b=(r.ˆ2-a11)/a12;
8 z=exp(r);
9

10 %linear system of equations for determining integration constants
11 if exp(r(2))==inf
12 %C2 == 0
13 A=[1,1,1; ...
14 b(1)*r(1),b(3)*r(3),b(4)*r(4); ...
15 z(1),z(3),z(4);];
16 c=[DA0;-dB dy;0];
17 C1=Anc;
18 C1=[C1(1),0,C1(2),C1(3)];
19 else
20 % C2 != 0
21 A=[1,1,1,1; ...
22 b(1)*r(1),b(2)*r(2),b(3)*r(3),b(4)*r(4); ...
23 z(1),z(2),z(3),z(4); ...
24 b(1)*z(1),b(2)*z(2),b(3)*z(3),b(4)*z(4)];
25 c=[DA0;-dB dy;0;0];
26 end
27

28 %use SVD to find inv(A)
29 [U,S,V]=svd(A);
30 invA=V*diag(1./diag(S))*U';
31

32 %constants for solution to first ODE
33 C1=(invA*c)';
34 if length(c)==3
35 C1=[C1(1),0,C1(2),C1(3)];
36 end
37 %constants for solution to second ODE
38 C2=b.*C1;
39

40 end
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F.2.3 Numerical Solution

1 %diffusivity ratios
2 thBA=1/100;
3 %th=[thBA,thCB,thDB,thEB,thFB]
4 th=[thBA,1,1,1,1];
5

6 %dimensionless equilibrium constants
7 %K=[K1,K2]
8 K(1)=1;
9 K(2)=100;

10

11 %beta=Ha2/Ha1
12 beta=1e-3;
13

14 %Hatta numbers
15 %Ha=[Ha1,Ha2]
16 Ha(1)=100;
17 Ha(2)=Ha(1)*beta;
18

19 %dimensionless concentration of A at interface (y=0)
20 A0=1;
21

22 %loading
23 L=0;
24

25 %dimensionless equilibrium concentrations at y=1
26 %cbulk=[AL,BL,CL,DL,EL,FL]
27 cbulk=loading(L,K);
28

29 %constants - righthand side of linkage equations
30 %phi=[0,0,phi 3,phi 4,phi 5,phi 6]
31 phi=phiConstant(cbulk,th);
32

33 %initial guess for BVP solver
34 y=linspace(0,1,31);
35 A=1-y;
36 B=ones(1,length(y));
37 C=zeros(1,length(y));
38 dA=-ones(1,length(y));
39 dB=zeros(1,length(y));
40 igm=[A;B;C;C;C;C;dA;dB;dB;dB;dB;dB];
41

42

43 %numerical solution - calculate dimensionless concentration and
44 %flux profiles on y=[0,1]
45 [yint,Svint]=bvpSolve(A0,cbulk,Ha,K,th,igm,y);
46

47 %enhancement factor
48 Enum=-Svint(7,1)/(Svint(1,1)-Svint(1,end));

1 function [yint,Svint]=bvpSolve(A0,cbulk,Ha,K,th,igm,y)
2

3 %see the program listing for A+B=C rxn for more detailed ...
description of
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4 %function and subfunctions
5

6 %solver type 'bvp4c' or 'bvp5c'
7 solver = 'bvp5c';
8 bvpsolver = fcnchk(solver);
9

10 %diffusivity ratios
11 thBA=th(1); thCB=th(2); thDB=th(3); thEB=th(4); thFB=th(5);
12

13 %initial guess for BVP
14 solinit.x=y;
15 solinit.y=igm;
16

17 %BVP solver options
18 %options=bvpset('RelTol',1e-3);
19

20 %BVP solver returns the structure 'sol'
21 sol = bvpsolver(@rxn ode,@rxn bc,solinit);
22

23 %sol(y) is continuous and has a continuous derivative.
24 %DEVAL is used to evaluate sol(y) at enough points to get a smooth ...

graph.
25 yint = linspace(0,1);
26 Svint = deval(sol,yint);
27

28 % -----------------------------------------------------
29 % Nested functions
30 % -----------------------------------------------------
31

32 function dvdy = rxn ode(y,v)
33 %system of first order ODE's
34 dvdy(1)=v(7);
35 dvdy(2)=v(8);
36 dvdy(3)=v(9);
37 dvdy(4)=v(10);
38 dvdy(5)=v(11);
39 dvdy(6)=v(12);
40 dvdy(7)=Ha(1)ˆ2*(v(1)*v(2)-v(3)*v(4)/K(1))+ ...
41 Ha(2)ˆ2*(v(1)*v(3)-v(5)*v(6)/K(2));
42 dvdy(8)=Ha(1)ˆ2*thBA*(v(1)*v(2)-v(3)*v(4)/K(1));
43 dvdy(9)=-Ha(1)ˆ2*thBA*thCB*(v(1)*v(2)-v(3)*v(4)/K(1))+ ...
44 Ha(2)ˆ2*thBA*thCB*(v(1)*v(3)-v(5)*v(6)/K(2));
45 dvdy(10)=-Ha(1)ˆ2*thBA*thDB*(v(1)*v(2)-v(3)*v(4)/K(1));
46 dvdy(11)=-Ha(2)ˆ2*thBA*thEB*(v(1)*v(3)-v(5)*v(6)/K(2));
47 dvdy(12)=-Ha(2)ˆ2*thBA*thFB*(v(1)*v(3)-v(5)*v(6)/K(2));
48 end
49 % -----------------------------------------------------
50

51 % -----------------------------------------------------
52 function res = rxn bc(v0,v1)
53 %boundary conditions expressed as residuals
54 res(1)=v0(1)-A0;
55 res(2)=v0(8);
56 res(3)=v0(9);
57 res(4)=v0(10);
58 res(5)=v0(11);
59 res(6)=v0(12);
60 res(7)=v1(1)-cbulk(1);
61 res(8)=v1(2)-cbulk(2);
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62 res(9)=v1(3)-cbulk(3);
63 res(10)=v1(4)-cbulk(4);
64 res(11)=v1(5)-cbulk(5);
65 res(12)=v1(6)-cbulk(6);
66 end
67 % -----------------------------------------------------
68

69 end % bvp solver
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